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INTRODUCTION

Many problems that arise in Manufacturing and Strategic Planning involve examining an
exponentially growing set of alternatives and finding a solution that satisfies a large number of
constraints. While some of these constraints can be expressed in mathematical form, many tend
to be heuristic or symbolic in nature requiring the use of powerful Artificial Intelligence-based
constraint directed reasoning tools. The theoretical basis for developing these tools is the
development of a general theory of constraint-directed reasoning.

Our experience in developing planning and scheduling systems for large problems has
demonstrated the importance of being able to reason about constraints. By understanding the
constraints and their impact on the structure of the problem space, better results can be generated
more efficiently. The theory of constraint-directed reasoning has two parts. The investigation of
a theory of constraint-directed reasoning as performed by a single agent, and the investigation of
distributed constraint-directed reasoning in a multi-agent problem solving situation. In the case
of a single agent, the issues under investigation include:

¢ The semantics of constraint representation
¢ How constraints determine the structure of the problem space
¢ How constraints focus the attention of search

¢ How constraints diagnose poor decisions and repair them

In the multi-agent case, the general issue is to develop a theory of negotiation using
constraints. The issues under investigation include:

* How can the agents coordinate their decisions in order to achieve global behavior
¢ At what points during problem solving is negotiation effective

¢ What are the negotiation strategies and protocols

This report summarises the activities and results of the first year’s effort on the project that
started at the end of November 1987. This effort concentrated on investigating the constraint-
direcied reasoning behavior of a single agent. The report is divided into three chapters. The first
chapter presents the overall problem solving framework, an integration of constraint satisfaction
and heuristic search. The second chapter presents the propagation of preferential constraints
pertaining to temporal relations and resource capacities. The third chapter describes the focus of
attention mechanism of a constraint-directed scheduler and some preliminary experimental
results. The fourth chapter presents the representational framework for the concepts used in the
research.




CHAPTER 1: Constraint Satisfaction and Heuristic Search

1.1 Introduction

We propose a model of problem solving that provides both structure and focus to search in the
problem space. The model achieves this by combining the process of constraint satisfaction
(CSP) with heuristic search (HS). The resulting model both reduces search complexity and
provides a more formal explanation of the nature and power of heuristics in problem solving.
Our model focuses on reasoning within a problem space, and can be viewed as being
complementary to the Soar architecture [Laird, Newell & Rosenbloom 87].

Why are problem solving models important: Choosing the right model should lead to the
efficient construction of an acceptable quality solution. Two approaches to constructing problem
solving models have been taken. The first comes out of the Operations Research tradition where
an optimizing algorithm is constructed for a a narrow class of problems. For example, the
Simplex method finds an optimial solution for problems represented as a set of linear
inequalities. The second class of models focuses on general theories of problem solving. For
example, at Carnegie Mellon the creation of general models for problem solving dates back to
1956 with the work on Logic Theorist [Newell & Simon 56] to GPS [Newell & Simon 63] to
production systems [Newell & Simon 72] and more recently to Soar [Laird, Newell &
Rosenbloom 87]. Our interest lies in the latter class of models. In particular, we are concerned
with the principles behind how knowledge can be used to structure and guide search in the
problem space!l. '

We propose a refinement to the heuristic search problem solving model, which we call
Constrained Heuristic Search (CHS) that retains the synthetic capabilities of heuristics search
while obtaining the structural characteristics of constraint satisfaction techniques2. In particular,
our model begins with the definition of a problem space composed of states, operators and an
evaluation function, and adds two fundamental components:

1. Problem Space Topology: Provides a structural characterization of the problem
space.

2. Problem Space Textures: Provide measures of decision complexity and
importance.

1A problem space is composed of an initial state that defines the problem’s initial conditions, a set of operators
that generate new states and an evaluation function that identifies solution states.

2Simon [Simon 83] has proposed that there are three "rather distinct ways ... for representing and thinking about
problem solving tasks.” The first views problem solving as a search through a "problem space” of nodes (i.c.,
states) and links. The second views problem solving as reasoning, where new statements are deduced from a set of
axioms in a formal language of logic. The third views problem solving as constraint satisfaction, where the
incremental addition of constraints narrows down a set of objects to a subset which satisfies all the constraints.
While these views are not mutually exclusive, they are viewed as being distinct. In fact, a constraint satisfying
algorithm is viewed as taking giant steps, not creating new objects, but reducing the entire space of objects to a
satisficing set. (This assumes the ability to enumerate a set of objects from which to choose.) On the other hand,
search techniques, for example, planning, can be synthetic; incrementally constructing a solution as part of the
search process.




1.2 Problem Space Topology
Early notions of sources of efficiency in heuristic search have focused on tnhe concept of the
"well structuredness” of the problem space. At least three views of well structured problem
spaces exist:
¢ A problem is not well structured if it cannot be completely defined. This is the case
if an objective function cannot be identified or if some problem constraints are not
known. Rapid prototyping is a means of eliciting problem structure.

e Simon’s [Simon 83] definition of well-structuredness essentially focuses on the
ability to operationalize, in a computational sense, the means of solving the problem
(i.e. a problem space in order to be well-structured requires a success criterion, a
representation structure where states are represented, a set of legal moves between
states, etc.)

e Newell [Newell 69] has defined a problem as being "ill structured” if there only
exists weak methods to solve it. This definition focuses on the performance of the
problem solver.

We believe that the third definition is more in line with “"conventional wisdom"; it is essentially
an issue of problem solving performance, and that problem space structure and focus of attention
are important components of problem solving performance.

Within the heuristic search model, a variety of techniques for structuring the problem space
have been investigated. ABSTRIPS [Sacerdoti 74] demonstrated how hierarchical reformulation
of the problem space via omission of variables reduces search complexity. Hearsay-II [Erman et
al 80], MOLGEN ({Stefik 81], and OPIS [Smith, Fox & Ow 86] demonstrated how hierarchical
reformulation via aggregation/abstraction reduces search complexity. ISIS [Fox
83a] demonstrated how hierarchical reformulation via omission of constraints reduces search
complexity. These structuring techniques are more engineering guidelines than formal
characterizations.

On the other hand, constraint satisfaction research has begun to formalize the concept of well
structured constraint graphs, but their techniques can only be applied to a narrow set of
problems. Constraint satisfaction techniques, as described in [Mackworth 77a, Haralick &
Elliott 80, Freuder 82a, Dechter & Pearl 87], approach problem solving by constructing a
constraint graph where nodes are variables with discrete domains and arcs are n-ary constraints
among the values the variables may be assigned. Problem solving is performed by sequentially
choosing a variable and a value to assign to it that satisfies all constraints incident upon it.
Backtracking occurs when an assignment cannot be found. Research has gone into methods for
structuring the network so that the amount of backtracking can be reduced.

CSP methods turn out to be a specializations of heuristic search. In particular, they are
restricted to a class of problems we define as Finite State Problem Spaces (FSPS).

Definition 1: A Finite State Problem Space has each state defined by a finite set of
variables, where each variable’s assignment is a subset of a finite, discrete domain.3

3This definition does not include CSP techniques that propagate intervals across variables whose domains are
continuous such as in [Smith 83a, Vere 83a).




Solving a problem in a FSPS involves finding an assignment of values to the variables that
satisfy a set of constraints. From a problem space perspective, the initial state contains all the
variables and their domains, the operators select a varible and a value to assign it, and the
evaluation function is composed of the constraints. The sequence of states generated in the
search space represent alternative orderings of variables and values to assign to them.
Backtracking results in new braches in the search tree. The important insight that we wish to
draw from CSP research is that by manipulating the constraint graph, the ordering of variables
and values can be optimized. That is, the constraint graph can be viewed as providing a structure
for the problem space. Arc-consistency is one such technique that achieves local consistency
between groups of variables via the elimination of incompatible values [Montanari
74, Mackworth 77a, Davis 87]. Width 1 networks that are arc consistent are backtrack free.

Based upon the above, we can now provide a description of a problem space’s topology.
Problem space topology refers to the structure of the problem space that provides a "map" of
decision areas. Choosing the area from which to search is the role of the texture measures.
Reformulation of a problem results in a different topology. We define problem space topology as
a graph where nodes are decision points (i.e. variables or set of variables) and arcs represent the
effects that decisions have on each other (i.e. constraints)4. Each variable has a (finite or
infinite) set of possible values (decisions) associated to it. (This is equivalent to a CSP protlem
formulation, but in order for constraint graphs to be viable for general heuristic search they have
to be extended to include a wider variety of constraints such as preferences, and variables with
continous, non-interval domains.) In the factory scheduling domain a node is often identified as
an activity whose possible values are tuples specifying possible resources and times for the
activity. Constraints are temporal and causal relations between the activities, and preferences for
certain selections.

We distinguish between two types of problem space topologies:

Definition 2: A completely structured problem space is one in which all non-
redundant nodes (variables) and arcs (constraints) are known a priori.

This is true of all CSP formulations.

Definition 3: A partially structured problem space is one in which not all non-
redundant nodes and arcs are known prior to problem solving.

This definition tends to be true of problems in which synthesis is performed resulting in new
variables and constraints (e.g. the generation of new subgoals during the planning process).

The role of operators within CHS is to create and/or alter topologies, i.e., nodes and
constraints. Indeed there are two main types of operators: operators that add structure to the
problem space and operators that restructure the problem space.

Features of the problem space topology are the types of nodes and constraints (and their
associated propagation algorithms). Davis [Davis 87] mentions, indirectly, a few types of what

“Notice that we have assumed binary constraints. In the case of constraints of higher arity, it is convenient to
think of the topology as a graph with two types of nodes: variable-nodes and constraint-nodes. Arcs indicate how a
constraint affects different variables. The nurbe: of arcs coming out of a constraint-node is the arity of the
corresponding constraint.




we view as topological features of the problem space, namcly the types of values the domain of a
node may contain:
e nodes whose domains are discrete and finite (label and value inference)

e nodes whose domains are intervals
e nodes whose domain has a belief for each member (relaxation labelling)

e nodes whose domain are expressions (expression inference)
and types of constraints:
e constraints that are unary predicates,

e constraints that order relations,
e constraints that are bounded differences (e.g. x—y 2c¢),

e constraints that are linear equations and inequations with unit (ie. -1, 0, 1)
coefficients,

e constraints that are linear equalities and inequalities with arbitrary coefficients,
e constraints that are boolean combinations of constraints,
e constraints that are algebraic equations,

e constraints that are transcendental equations.
Additionally domains may or may not have preferences for values (e.g. preferences for due dates
of a job).

The importance of formalizing the concept of problem space topology is that:
e problem spaces have been refined to include the representation of constraints.

o the process of problem reformulation can be formalized as transformations of
problem space topological primitives, and

e properties can be proved about the search to be performed, for example, from the
CSP literature, width-1 constraint networks that are arc consistent are backtrack free.

1.3 Problem Space Textures

Well focused search is concerned with the ability of the search algorithm to opportunistically
decide where in the problem space the next decision is to be made>. In order for search to be
well focused there must be features of the problem space which differentiate one subspace from
another, and these features must be related to the goals of the problem. We have identified and
are experimenting with seven such features that we call problem space rextures [Sadeh & Fox
88]. Below we define these textures for CHSs where all solutions are equally preferred. These
definitions can be generalized to the class of Optimization Constraint Satisfaction Problems
(OCHSs), where the objective function is a sum of functions of one variableS.

5The concept of focused search was elaborated in Hearsay-11 [Erman 80).

This is done using Bayesian probabilities to approximate the likelihood that a given assignment results in an
optimal solution [Sadeh & Fox 88].




¢ (Variable) Value Goodness: the probability that the assignment of that value to the
variable leads to an overall solution to the CHS (i.e. to a fully consistent set of
assignments). This texture is related to the value ordering heuristics [Haralick &
Elliott 80] which look for the least constraining values. Value ordering heuristics are
meant to reduce the chance of backtracking. In the case of discrete variables, the
goodness of a value is the ratio of complete assignments that are solutions to the
CHS and have that value for the variable over the total number of possible
assignments.

e Constraint Tightness: Constraint tightness refers to the contention between one
constraint or a subset of constraints with all the other problem constraints. Consider
a CHS A and a subset S of constraints in A. Let B be the CHS obtained by omitting
S’s constraints in A. The constraint tightness induced by S on A is defined as the
probability that a solution to B is not a solution to A. In the case of discrete
variables, this is the ratio of solutions to B that are not solutions to A over the total
number of solutions to B or equivalently the ratio of solutions to B that do not
satisfy S over the total number of solutions to B. Notice that in particular the
constraint tightness induced on a redundant constraint is zero. Also the constraint
tightness on the set of all constraints of a problem can be used as a measure of the
difficulty of the problem. For instance, in the case of discrete variables, this last
measure can be expressed as the number of solutions to the CHS over the number of
possible complete assignments. Finally notice also that this definition generalizes
Nadel’s notion of constraint looseness/satisfiability ratio [Nadel 86a] to groups of
constraints and to constraints involving both discrete and continuous variables.
Moreover Nadel’s satisfiability ratio, defined only for a single constraint involving
discrete variables, differs from our notion of constraint looseness/tightness in one
important way: it only depends on the constraint itself while our definition is with
respect to a given CHS. Indeed our notion of constraint tightness also accounts for
the other constraints of the problem and their interactions with the constraints whose
tightness is being measured.

e Variable Tightness with respect to a set of constraints: Again consider a CHS A,
a subset S of constraints, and the CHS B obtained by omitting S in A. A variable V’s
tightness with respect to the set of constraints S is defined as the probability that the
value of V in a solution to B does not violate S. In the case of discrete variables, this
is simply the ratio of solutions to B in which V's value violates S (i.e. at least one of
the constraints in S) over the total number of solutions to B.

* Constraint Reliance: This measures the the importance of satisfying a particular
constraint. Consider a constraint C. We defined CHS B as being CHS A - {C).
Given that constraints can be disjunctively defined, the reliance of CHS A on a
constraint C is the probability that a solutio to CHS B is not a solution to A. In the
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case of discrete variables, constraint reliance is defined as the ratio of the number of
solutions to CHS B that are not a solution to CHS A over the number of solutions to
CHS B. The larger the value, the greater the reliance the problem has on satisfying
the particular constraint.

e Variable Tightness: Consider a variable V in a CHS A. Let S be the set of
constraints involving V (i.e. in a graph with variable-nodes and constraint-nodes, S
is the set of constraint-nodes that are directly connected to V) and B be the CHS
obtained by omitting S in A. V’s tightness with respect to S is simply called V’s
tightness. Hence the tightness of a variable is the probability that an assignment
consistent with all the problem constraints that do not involve that variable does not
result in a solution. In the case of discrete variables, this is the ratio of the number of
complete assignments that are solutions to A over the number of complete
assignments that are solutions to B, 1.e. the ratio of solutions to the CHS over the
number of complete assignments that satisfy all the CHS’s constraints except
possibly one or more constraints involving V. Alternatively one can define variable
looseness as the probability that an assignment that has been checked for
consistency with all the problem constraints, except those involving that variable,
results in a fully consistent assignment. Notice that if one uses a variable
instantiation order where V is the last variable, V’s tightness is the backtracking
probability. Indeed variable looseness/tightness can be identified with variable
ordering heuristics [Haralick & Elliott 80, Freuder 82a] which instantiate variables
in order of decreasing tightness.

¢ Variable Contention: It estimates the degree of contention that exists among a set
of constraints in assigning a value to a variable. Given a CHS A, a set S of
constraints incident at variable V, and CHS B = CHS A - S, one measure of
contention is to take the ratio of the number of elements s of the powerset of S that
do not have a solution to CHS B + s, to the total number of elements in the powerset
of S. In essence, the more combinations of constraints in S for which there is not a
solution, the greater the contention.

¢ Constraint Arity: the number of variables involved in a constraint or more
generally in a group of constraints.

These textures generalize the notion of constraint satisfiability or looseness defined by [Nadel
86a] and apply to both CHSs (and CSPs) with discrete and continuous variables. We have
extended these textures to OCHSs where the objective function is expressed as a sum of
functions of one variable, using Bayesian probabilities to approximate the likelihood that a
variable results in an optimal value.

Notice that, unless one knows all the CHS's solutions, the textures that we have just defined
have to be approximated. Textures may sometime be evaluated analytically [Sadeh & Fox 88].
A brute force method to evaluate any texture measure consists in the use of Monte Carlo




techniques. Such techniques may however be very costly. In general, for a given CHS, some
textures are easier to approximate than others, and some are also more useful than others.
Usually the texture measures that contain the most information are also the ones that are the most
difficult to evaluate. Hence there is a tradeoff. Each domain may have its own approximation for
a texture measure.

Textures provide a more formal view of attention focusing. As such, they can explain the
power of heuristic knowledge used in search. We have already mentioned variable and value
ordering heuristics respectively based on variable looseness and value goodness. Another
example is in factory scheduling, where a useful heuristic is to schedule the bottleneck resource
first. In our factory scheduling example we show that the concept of resource bottleneck
analysis is motivated by constraint arity considerations and illustrates the concept of constraint
tightness.

1.4 CHS Problem Solving Process

The CHS model of problem solving is a combination of constraint satisfaction and heuristic
search. In particular we view a problem space’s topology as a mesh that envelopes the problem
space. Propagation of constraints results in the tightening of the mesh around and through the
problem space, thus reducing the number of alternatives to be considered and/or generated. In
completely structured topologies, the nodes represent islands at which decisions are to be made.
For partially structured topologies, nodes represent starting points at which operators are to
generate new nodes.

The problem solving model we propose contains the following elements:

e search begins with a single state in which the initial problem space topology (i.e.
constraint mesh) is constructed.

e constraint propagation through the mesh is performed
e texture measures are computed
e decision nodes are identified

e a new state is generated by selecting an operator that either adds structure to the
topology or further restricts the domain of a variable

The next two sections demonstrate the application of the CHS model to the problems of spatial
planning and factory scheduling.




CHAPTER 2: Propagating Temporal and Capacity Preferences
2.1 Introduction

2.1.1 The Issue

We are concerned with the issue of how to opportunistically focus an incremental scheduler’s
attention on the most critical decision points and the most promising decisions in order to reduce
search and improve the quality of the resulting schedule. More specifically we are concemed
with incremental constraint directed scheduling where the problem is defined as a set of
variables and a set of constraints. Both variables and constraints are determined by the initial
scheduling problem and the earlier decisions made by the scheduler. The interactions of the
constraints determine the structure of the problem space. We characterize the problem space with
a set of texture measures that are used to both identify critical decision points and select a
decision at each of these points. The process of analyzing the current problem and generating
new decisions (e.g. scheduling an operation) is repeated, thereby resulting in the incremental
construction of a schedule.

Real-life scheduling problems are subject to a variety of preferences [Johnson 74, Fox
83b, Ow 84, Smith 86] such as meeting due dates, reducing the number of machine set-ups,
reducing inventory costs, using accurate and/or fast machines, making sure that some jobs are
performed within a single work-shift, etc. Although these preferences are usually set
independently to one another, they interact. For instance selection of a good start time for an
activity (e.g. to meet a due date) may prevent the selection of an accurate machine for another
operation or may prevent meeting another job’s due date. For this reason, selecting operation
start times or allocating resources based solely on local a priori preferences is likely to result in
poor schedules. Preference propagation is meant to allow for the construction of measures that
reflect preference interactions. These measures can then serve to guide the construction of a good
overall schedule rather than a schedule that locally optimizes a subset of preferences.

We perform preference propagation within a probabilistic framework. We associate with each
variable’s value a probability that reflects the likelihood that this value results in a good schedule
overall (value goodness). These probabilities are refined by being propagated across the problem
constraints. Value goodness is a texture measure that helps selecting assignments for variables.
Identification of critical variables (i.e. decision points) is performed using another texture
measure, called variable looseness. A critical variable or group of variables is one whose good
overall values are likely to become unavailable if one were to start assigning values to other
variables first. Notice that if our measures of value goodness were perfect, the order in which
variables are instantiated would not matter. However such perfect measures could only be
obtained by first solving the problem. Because in practice measures of value goodness contain
some uncertainty, one has to account for the effects of assigning a value to a variable over the
availability of good values for other variables. A variable instantiation order is accordingly
defined starting with the most critical (i.c. least loose) variables. In this paper we are interested
in the identification of critical activities (i.e. operations). An activity is made of a start time
variable, possibly a duration variable, and a set of resource variables. We identify critical




activities as the ones that heavily rely on the possession of highly contended resources. Indeed, if
such critical activities are not scheduled first, it is very likely, that by the time the scheduler turns
its attention to these activities, the resources that would have been the most appropriate for these
activities will no longer be available.

We discuss preference propagation in temporal/capacity constraint graphs (T/CCG). Temporal
constraints define partial orderings among the activities to be scheduled. All thirteen of Allen’s
[Allen 84] temporal relation constraints are accounted for. Resource capacity constraints restrict
the use of resources to only one activity at a time. Both situations with fixed and variable
duration activities are discussed. Our formalism allows for both activity start ime and duration
preferences as well as for resource preferences. It also accounts for prior resource reservations if
any. It is shown that the (a posteriori) start time and duration distributions resulting from the
propagation across the temporal constraints can be combined to identify resources that are highly
contended for (resource contention) and activities that heavily rely on the possession of these
resources (activity resource reliance).

We also argue that a posteriori start time/duration distributions can be seen locally as measures
of start time/duration goodness and globally as measures of start time/duration looseness. Our
notion start time/duration looseness generalizes the Operations Research notion of slack [Baker
74, Johnson 74].

2.1.2 Formalization of the Scheduling Problem

The factory scheduling problem is often described as a two step problem: a process planning
step and a resource planning step [Fox 83b]). Process planning deals with the generation and
selection of plans (i.e. process routings) that satisfy the order specifications. Resource planning,
sometimes also referred to as scheduling, deals with the allocation of resources (e.g. machines)
to activities and the assignment of start and end times to activities. In general both steps can be
interleaved.

In this paper we will be concerned exclusively with the scheduling part of the problem: we will
assume that we are given a set of plans to schedule. Here a plan is simply defined as a partial
ordering of activities. Each activity may require one or more resources, for each of which there
can be several alternatives.

We formalize the scheduling problem as a constraint satisfaction problem (CSP). The variables
of the problem are the activity start times, the resources allocated to each activity, when there is a
choice, and possibly the duration of each activity. An activity’s end time is defined as the sum of
the activity’s start time and duration. We differentiate between two types of constraints: required
constraints and preferential constraints [Fox 83b). Required constraints determine the
admissibility of a solution to the CSP (schedule) while preferential constraints allow for
differentiating among admissible solutions. The degree of satisfaction of a preferential
constraint is defined by a utility function that maps the possible values of a variable onto utilities
ranging between 0 and 1. A utility of 0 indicates a non-admissible value. A value with utility 1 is
an optimal value.

We will be dealing explicitly with two types of required constraints: temporal relation
constraints and resource capacity constraints. Temporal relation constraints are used to describe
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Relation Pictorial Representation

X BEFORE Y XXX YYY
Y AFTER X

X EQUALS Y XXX

Y EQUALS X YYY

X MEETS XY XXXYYY
Y MET-BY X

X OVERLAPS Y XXX

Y OVERLAPPED-BY X YYY
X DURING Y XXX

Y CONTAINS X YYYYY
X STARTS Y XXX

Y STARTED-BY X YYYYY
X FINISHES Y XXX
Y FINISHED-BY X YYYYY

Figure 2-1: Allen’s 13 temporal relation constraints

partial orderings among activities as provided by the process planning step. We will be using
Allen’s temporal relation constraints [Allen 84] to describe these constraints (Figure 2-1). We
will refer to the graph defined by these constraints, for a given CSP, as the CSP’s temporal
constraint graph (TCG). Capacity constraints restrict the number of reservations of a resource
over any time interval to the capacity of that resource. In this paper, for the sake of simplicity,
we will always be assuming resources with unary capacity. Together these required constraints
form a temporal/capacity constraint graph (T/CCG). A schedule that does not satisfy the required
constraints of the CSP is not admissible.

We will allow for preferential constraints on activity start times and durations as well as on the
resources to be used by each activity. Preferential constraints are described with utility functions.
For a given preferential constraint, a variable’s value is admissible only if its utility is strictly
positive. High preference for an admissible value is indicated by a high utility. In practice the
domain of admissible values resulting from these preferential constraints, i.e. the domain with
strictly positive utilities, is always bounded. For instance the domain of admissible start times of
an activity is constrained at one end by the order release date and at the other end by the order
due date according to the durations of the activities that precede/follow the activity within the
plan.

Notations

We have to schedule a set of activities {A,, A,,..., A_}. Let I, denote the time interval over
which A, spans. st,, et, and du, respectively denote 1,’s start time, end time, and duration.
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Activities are connected by a set of temporal relation constraints, thereby forming a TCG. We
view TCGs as undirected graphs. An arc in a TCG indicates the presence of a temporal relation
between two intervals (e.g. I; BEFORE L, or equivalently I, AFTER I,). Let C,, G,...., C,, denote
the temporal relation constraints in the TCG. The TCG, which has been produced during the
process planning phase, is assumed consistent.

Additionally there are capacity constraints limiting the use of each resource to only one
activity at a time. By adding these capacity constraints to the TCG, one obtains the CSP’s
T/CCG. In this paper we will not need to formalize the description of T/CCGs any further as we
will be mainly dealing with their temporal abstractions, i.e. the TCGs obtained by omitting the
capacity constraints in the T/CCGs.

Each activity A, has a preferential start time constraint with associated utility function denoted
U, Activity A,’s duration is either fixed or constrained by a preferential constraint with utility

function u,,- The ranges of admissible start times and durations are assumed to be bounded,
which is always the case in practice.

Each activity A, may require one or more resources R,;, R,,...., R,. For each resource R,
required by activity A,, there is a set of possible resources Ry, R,p,..., Ry, available on the
factory floor. This set is assumed to be finite, which is also always the case in practice. These
different resources are usually not equally preferred. A resource utility function, U, associates a

utility (preference) uRh_(Rﬂj) with each possible resource R,;. For instance a milling operation

may require a milling machine and a human operator. There may be two milling machines
available on the factory floor. For this specific milling operation, milling-machine, may have a
preference of 1.0 and milling machine, a preference of 0.4 (e.g. due to a difference in the
accuracy of the machines.). There may also be several human operators available with different
utilities.

The global utility of a schedule is obtained by summing all the preferential constraints’ utilities
(for the given schedule).

2.1.3 An Example
We now introduce a simple scheduling problem that we will use throughout this paper.

The problem involves scheduling two orders: order, and order, (Figure 2-2):
e order, comprises five activities: A AgLAg,
¢ order, comprises three activities: Ag, A4, and Ag.
All activities have the same duration, namely 30 time units. C;,C,,... C; are the temporal

relation constraints imposed by the process planning step. For instance, C; indicates that A| has
to precede A,. The domain comprises three physical resources: R, R,, and R;.

® A, requires a resource R;; which can be either R; or R, (with equal preference), i.c.
uRl l(R1)=uR”(R2)= 1 ’ and uRl 1(R3)=0

* A, requires a resource R, which has to be R,, ie. “Rzl(Rl)=l* and
uRZI(R2)=UR2|(R3)=O'
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* A3 requires a resource

UR31(R1)=UR31(R3)=O.

e Ay requires a resource

UR“ (Rl)=‘uRﬂ(R3)=O.

® Ag requires a resource

uRSI(RZ)zuRsx(R3)=O'

* Ag requires a resource

uRst(R1)=uRa (Ry)=0.

which has

which has

which has

which has

to

to

to

to

be R,,
be R,,
be R,

be R,

ie.

ie.

ie.

ie.

uR3l(R2)=l ’
ug, (R)=1,
ur, Rp=1,

UR61(R3)=1 ’

and

and

and

and

* A7 requires a resource R4, which can be either R, or R3 (with equal preference), i.e.
UR71(R2)==UR_”(R3)=1, and UR7I(R1)=O.

e Ag requires a resource Rg; which has to be R, ie. uRu(R3)=l,
uRal(Rl)zuRsl(Rz)__—o'
C
orde r. Cl A , A ; C;
A A,
C, A, CS
order,
C C
6 7
A's A7 A'
C:: A,BEFORE A,
C,: A,BEFORE A,
C;: A, BEFORE A,
C.: A, BEFORE A,
Cs: A(BEFORE A
Cs: A¢BEFORE A,
C;: A;BEFORE A,

Figure 2-2: TCG for a two order scheduling problem

Activities in order, (i.e. A,,...,A,) are assumed to have the same start time utility function.

The function requires that these activities start between time 0 and time 140, with an optimal
start time at 120 (Figure 2-3). Time O can be interpreted as the order release date. Time 140 + 30
=170 (latest-start-time + duration = latest-finish-time) could represent the time after which the
client would refuse the order.

and




utility sutility

) 0 { I} I 1 1
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120
time time
orderI order2

Figure 2-3: Start time utility functions

All acdivities in order, will be assumed to have a uniform start time utility between 0 and 120
(Figure 2-3).

In general preferential constraints are set independently to one another and may therefore be
incompatible. For instance, it will obviously be impossible to simultaneously schedule both A,
and Aj at their optimal start time, namely 120. Therefore instead of a priori preferences, one
needs (a posteriori) preferences indicating values that are likely to result in a good schedule
overall. Such preferences can only be obtained by accounting for constraint interactions. This is
the objective of the propagation technique presented in this paper.

Looking more closely at our example, one notices that there are four activities requiring
resource Ry: Aj, A3, Ay, and A4. Out of these four activities, up to three can occur in parallel,
namely As, A4, and A. These activities will therefore compete for the possession of R,. There is
no such competition for R; and Ry as the activities that require these resources are fully ordered
temporally (e.g. A has to be carried out before A,). The scheduling of R, is therefore more
critical than that of R, and R3. An incremental scheduler should first focus its attention on the
competition between As, A4, and A, for R,. Moreover, since A, has two resource alternatives
(Ry and R3) while A; and A4 have only one, and since Aj has less slack than A4, we would like

our incremental scheduler to first schedule A; with R,’.

A more detailed analysis confirms that first scheduling A5 rather than A, is the right decision.
It also reveals the influence of the preferential constraints (in this case the start time preferences)
in determining activity criticality. We consider two scenarios: one where the first activity to be
scheduled is A4 (scenariol) and one where it is A5 (scenario2). Given that Ag cannot start later
than 140 and that A4 and A4 have a duration of 30, A Ay, Aj, and A4 cannot start later than
110. Hence, according to their start time utility functions, these activities will prefer to start as
late as possible (Figure 2-3). In scenariol, A, is the first activity to be scheduled. It is scheduled
as late as possible (while still leaving some room for A to have a good schedule), say at time 90.
Since both A3 and A4 require Ry, A has to be scheduled before A4. The resulting schedule is the

"Notice that we are assuming an incremental scheduler whose reservations are nonpreemptible. The order in
which activities are allocated resources would not matter if allocations were preemptible. Most predictive
schedulers do not allow for such preemptions as they tend to produce infinite loops if one does not take special
precaution.




sequence Ay, Ay, A3, Ay, and Ag, as displayed in Figure 2-4. Alternatively (scenario2) suppose
that we decide to first schedule A3. This time A is scheduled to start at time 90, and A4 has to
occur before A;. However A, and A4 can occur in parallel before A4 (Figure 2-5). Hence,
globally, A to A, start later in scenario2 than in scenariol. In other words, scenario2 results in
a higher global utility than scenariol.

Our approach to preference propagation formalizes the above considerations.

T 1 | T} ! T I 1 | L 1 i |
¢ 10 20 S0 40 B &0 FOOG0 90 100 110 120 150 140 150
g, (0)+utg, (30) + 145, (60) +u, (90) +ug, (120)=2.5

Figure 2-4: Gantt chart for a schedule of order1 obtained with scenariol.
The global start time utility has been obtained by adding the start time

utility of the five activities.

SISEN . BESSS] ERSEENN IS R

R1 SR U B AR i B
SR nnpo| i
R2 D4 mmpeogon

Pl l t 1 =T 1 | 1 | | 1
¢ 10 20 30 40 &0 60 70 &0 90 100110120130 140 150

u"1(30) + us,2(60) +us,3(90) + us,‘(60) + us,5(120) =3.0

Figure 2-5: Gantt chart for a schedule of order1 obtained with scenario2.
The global start ime utility has been obtained by adding the start time
utility of the five activities.

2.1.4 Organization of the Paper

In the next section we give an overview of related work in constraint satisfaction and
scheduling. Section 3 introduces the assumptions that are the basis to our probabilistic approach
to preference propagation and gives an overview of the approach. Section 4 describes the
propagation of start time and duration probability distributions in TCGs. As already mentioned
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earlier, when one is simply concerned with knowing whether two time intervals are temporally
related or not, a TCG can be considered as an undirected graph. When we will be talking about
cycles in the TCG, we will always be referring to the undirected interpretation of the graph.
Subsection 4.2 deals with acyclic TCGs with fixed-duration activities. Subsection 4.3 relaxes
the fixed-duration hypothesis. Subsection 4.4 relaxes the acyclicity assumption. Subsection 4.5
discusses propagation in general TCGs where there are explicit disjunctions of temporal relation
constraints. Finally subsection 4.6 analyzes the results of the section with respect to a set of
requirements and desiderata identified in subsection 3.2. Section S explains how the results of
the previous section can be combined to obtain measures of resource contention and activity
resource reliance. In section 6, we discuss the time complexity and the expressiveness of our
framework as well as possible improvements. Section 7 summarizes the main ideas of the paper.

For the sake of concision, subsections 4.2 and 4.3 contain only the treatment of two temporal
relation constraints (BEFORE, and MEETS). Formulas for the complete set of Allen’s temporal
relation constraints is presented in appendix 1. For the same reason, section 5 only sketches the
computation of resource demand densities. The reader will find a complete treatment of these
densities in appendix 2.

2.2 Related Work

We already mentioned that this paper does not deal with process planning. Hence it is
assumed that the TCGs to be scheduled are consistent. [Vilain 86] has proved that consistency
checking in a general TCG is NP-hard. Several algorithms have been proposed in the literature to
perform partial or total consistency checking in a TCG. Allen’s algorithm [Allen 83] achieves
3-consistency® in a general TCG in polynomial time and space. A complete consistency
checking algorithm using a variation of data dependency backtracking is presented in
[Valdes-Perez 87]. Although the algorithm is designed for quick pruning, its asymptotic
complexity remains exponential. [Vilain 86] and [Tsang 87] point out that consistency checking
can actually be performed in polynomial time provided that the TCG does not contain certain
types of disjunctive relations such as “Interval, has to be eirther BEFORE or AFTER Interval,".

When additional constraints such as capacity constraints, preferential start time constraints,
preferential duration constraints, preferential resource constraints, or resource reservations are
added to a consistent TCG, the resulting CSP may stop being consistent. These are the types of
inconsistencies that we will be referring to later in this paper. Consider the simple example
depicted in Figure 2-6. There are two activities: A, and A,. A, is BEFORE A,. A, has a
preferential start time constraint specifying that it has to start between 10 and 15. A,’s
preferential start time constraint specifies that A, has to start between 0 and S. A,’s duration is
10. A,’s duration does not matter. The resulting CSP is obviously inconsistent (unsatisfiable) as
A,’s earliest end time (10+10=20) is after A,’s latest start time (5).

Propagation of activity start and end time windows (earliest/latest start and end times) dates
back to the CPM algorithm [Johnson 74]. The PERT method generalizes CPM by allowing for

8According to (Freuder 82b), a constraint graph is k-consistent if for any set of (k-1) variables, any consistent
assignment of values to these (k-1) variables, and any k-th variable, there always exists a value for the k-th variable
such that the k values taken together (i.e. for the (k-1)+1 variables) are consistent.
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Figure 2-6: An inconsistent CSP with a consistent TCG

uncertainty in activity durations. [Vere 83b] adapted the CPM propagation techniques to a
planning system called DEVISER. In DEVISER start time windows are described as triples of
the form (earliest-start-time, ideal-start-time, latest-start-time). The ideal start time information
is optional. A start time triple can be seen as a trianglc—shapcd9 start time utility function (Figure
2-7). When the ideal start time is omitted, the window can be interpreted as a rectangle-shaped
start time utility function. In DEVISER start time windows are dynamically compressed to
accourt for new temporal relations and activites introduced during the planning process. The
compression does not account for ideal start times which remain fixed. DEVISER is able to
handle both BEFORE/AFTER and MEETS/MET-BY relations. Because preferences are not
propagated, the system performs poorly when it has to select a start time within a compressed
window: the selection is based on purely local information.

A variation of Vere’s algorithm is presented in [Bell 84] that accounts for variable duration
activities. [Smith 83b] extends Vere’s approach by also accounting for DURING/CONTAINS
temporal relation constraints (see also [LePape 87]). Smith’s temporal module also allows for the
propagation of resource reservations over T/CCGs. [Rit 86] describes a Waltz algorithm to
propagate generalized temporal windows over TCGs. A generalized window is the composition
of a start time, end time, and duration window (Figure 2-8). The method accounts for all 13 of
Allen’s temporal relations as well as for disjunctions among these relations. In the general case,
Rit’s algorithm is only guaranteed to achieve arc-consistency [Mackworth 77b). Total
consistency can however be guaranteed in TCGs that do not contain disjunctions of temporal
relation constraints.

None of the propagation techniques that we just described handles preferences. In practice,
however, different times within a window are not equally preferred. For instance, in the factory
scheduling domain, due dates and associated late delivery penalties induce preferences on

%This is not the only possible interpretation.
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Figure 2-7: A utility interpretation of DEVISERs start ime windows
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Figure 2-8: Rit’s generalized window

activity end times (and hence start times). Inventory costs are another source of start time
preferences. In general preferences cannot be accounted for independently. Selection of the
optimal start time for one activity may prevent selection of the optimal start time for another
either because of temporal relation constraints between the two activities or because of capacity
constraints, or a combination of the two. This is why it is crucial not only to propagate time
windows but also to propagate preferences over these windows. Window propagation simply
guarantees admissibility of the values within a compressed window. Preference propagation
strives not only for admissibility but also for optimality by locally reflecting preference
interactions.

Our purpose is to develop preference propagation techniques to guide an incremental
scheduler. Both empirical and analytical studies reported in [Haralick 80, Freuder 82b, Purdom




83, Nadel 86b, Nade! 86¢c, Nadel 86d, Stone 86] indicate that, in general, the amount of search
required to find a solution to a CSP can be significantly reduced by using the following two
look-ahead schemes [Dechter 88]:

1. Variable Ordering: Focus on the most constrained variables first.

2. Value Ordering: Try the least constraining values first.
Tightly constrained variables and constraining values are determined by the interactions of the
problem constraints. In CSPs where variables have finite sets of possible values and all values
are equally preferred, the number of possible values left after constraint propagation (i.e.
consistency checking) can be used to determine variable tightness/looseness. In problems where
values are not equally preferred, like in the scheduling domain, this is not sufficient. One has
also to account for value goodness, i.c. the utility of a value and the impact of selecting that
value on the availability of good values for the other variables. Qur notion of value goodness
and our generalization of the notion of variable looseness are intended to allow for the
generalization of these two look-ahead strategies to CSPs where variables can have infinite
bounded sets of possible values with non-uniform preferences.

[Muscettola 87] presents a probabilistic framework to compute resource contention in
T/CCGs with only BEFORE/AFTER temporal relation constraints based on assumptions on the
order in which the activities are scheduled. This paper extends Muscettola’s approach for
computing resource contention by removing the need for assumptions on the order in which
activities are scheduled, by dealing with all of Allen’s constraints, by allowing for duration and
resource preferences and by accounting explicitly for earlier resource reservations.

2.3 A Probabilistic Framework for Preference Propagation

2.3.1 An Overview of the Approach

Our purpose is to develop preference propagation techniques to guide an incremental
scheduler. An incremental scheduler works by iterating through a two-phase process. In the first
phase it analyzes the structure of the CSP resulting from the initial scheduling problem and the
decisions that have already been made. In the second phase, based on this analysis, new
decisions are generated resulting in the expansion of the current schedule (e.g. new activities are
scheduled). If the scheduler reaches a deadend, it backtracks. The process goes on until a
satisfactory schedule is produced.

The first phase analysis is performed using preference propagation to dynamically identify
critical decision points. Such decision points are determined by the interactions of the problem
constraints. In the case of the scheduling problem, there are two main types of interactions:
operation precedence interactions and resource requirement interactions [Smith 85].

1. The operation precedence interactions are the ones induced by the TCG. They are
sometimes also referred to as intra-order interactions!9,

2. Resource requirement interactions are induced by the capacity constraints. They
arise from the contention of several activities for the same resource. They are

10A]1though activitics within a same order can also interact by competing for the same resources.
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sometmes referred o as inter-order interactions.

Intra-order and inter-order interactions have respectively motivated so-called order-based and
resource-based scheduling techniques. In the past few years it has become clear that efficient
scheduling requires the ability to combine these two perspectives [Smith 85, Smith 86] so as two
account for both types of interactions. Unfortunately both types of interactions are not totally
independent. Intra-order interactions affect the time intervals over which activities will contend
for resources, thereby influencing inter-order interactions. Resource contention in turn restricts
the times over which activities can occur, thereby influencing intra-order interactions.

In order to deal with the uncertainty in the interactions between uninstantiated variables, we
have adopted a probabilistic model. For each uninstantiated variable, a probability density is
computed for the variable’s possible values that indicates the likelihood of each value to result in
a good schedule overall, given the decisions already made by the incremental scheduler. This
probability is a dynamic measure of value goodness. When the corresponding probability density
is normalized, we also interpret this probability as the dynamic probability that the scheduler
assigns that value to the variable.

In its simplest form our approach involves the following steps:
1. Based on the current partial schedule as well as start time, duration and resource
preferences, a priori probability distributions are produced for the start time,
duration and resources of each unscheduled activity,

2. These a priori probability distributions are propagated over the TCG, resulting in a
posteriori start time and duration probability distributions,

3. The a posteriori distributions obtained in the previous step are combined to
compute activity individual demand densities. An activity A;’s individual demand
density at time ¢ for a resource Ry;;, say D,a-j(t), is defined as the probability that A,
is active at time ¢ and uses Rkij to fulfill its resource requirement R,

4. Activity individual demand densities are combined to measure resource aggregate
demand densities. The aggregate demand density for a resource at time ¢ is the
probabilistic demand for that resource at time ¢.

Both iterative and hierarchical variations of this basic propagation algorithm will be discussed.

From an Operations Research point of view, activity a posteriori start time and duration
distributions provide a measure of intra-order interactions and a generalization of the notion of
slack [Johnson 74]. Resource aggregate demand densities reflect the level of resource contention
defined by the CSP’s inter-order interactions. Resource aggregate demand densities can be
identified with the Operations Research concept of bortleneck analysis [Smith 85, Smith
86, Muscettola 87].

From a constraint satisfaction perspective, a posteriori start time/duration distributions should
be regarded locally as measures of value goodness, and globally as measures of variable
looseness for activity start times and durations. Aggregate demand densities can be interpreted as
measures of constraint contention and individual demand densities as measures of activity
resource reliance.
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2.3.2 Building A Priori Probability Distributions Based on Local A Priori
Preferences
Our approach uses Bayesian probabilities to estimate value goodness, i.e. the likelihood that a
given value will result in a good schedule overall. It consists in the construction of a priori
probability distributions for each uninstantiated variable based on local preferences. These
probabilities are then refined so as to account for constraint interactions, thereby resulting into a
posteriori probability distributions.

Obviously the main concern in such an approach is to obtain good estimates of value goodness
(desideratuml) as these estimates are essential to both the identification of critical decision
points in the search space and the selection of a decision at these points. There are however
some more specific requirements and desiderata to which one should give special attention.
Indeed, besides its need for good focus of attention mechanisms, efficient search also requires
the ability to quickly prune deadend paths in the search tree.

In our probabilistic framework, unsatisfiability is detected when a posteriori probability
densities are uniformly zero. This indicates that the interactions of the problem constraints have
reduced the set of admissible values for a variable to the empty set. Detecting unsatisfiability in
this fashion requires that:

1. Requirementl: Every value that is a priori admissible!lis given a strictly positive
a priori probability, though possibly very small.

2. Requirement2: The propagation step, which combines a priori probabilities to
account for constraint interactions, produces a posteriori probability densities that
are zero only for values forbidden by the constraint interactions.
Requirement] restricts the construction of a priori probability distributions. Requirement2 is a
restriction on the propagation method itself.

Desideratum2: Additionally, in order to detect and prune inconsistent states as soon as
possible, one would like a posteriori probabilities to be zero for all non-admissible values
(complete consistency checking). Unfortunately interactions between the resource requirements
of unscheduled activities seem computationally very expensive to totally account for.
Consequently we will have to settle for partial consistency checking.

These general requirements and desiderata having been identified, we tumn our attention to the
construction of a priori probability distributions. We start with some general observations.

In the presence of a unique variable with a single (unary) preferential constraint, one can just
select one of the optimal values defined by the utility function. The probability density for the
variable’s value consists of a set of peak distributions (Dirac distributions), each centered
arouna one of the optimal values (Figure 2-9b).

On the other hand, in the presence of several variables and constraints, it is not always possible
any more to simultaneously select an optimal value for each variable. For instance, it is not

‘.‘Of course, a more sophisucat.od analysis will result in the rejection of a larger number of possible values (see
desideratum2). Therefore what is really important for requirementl is that no value reccived a zero a prion
probability while it could have resulted in an admissible schedule.
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Au(x)

Figure 2-9: A priori probability density P(x) for a variable x with utility function u(x).
This is an example with a single optimal value.

always possible to schedule an activity at its optimal start time and with a set of optimal
resources. Very often one has settle for suboptimal start times and/or resources in order to find a
feasible schedule (i.e. satisfy all the CSP’s constraints). If, for a given variable, the interactions
defined by the constraints are weak, it is usually possible to select a value that is still very close
to the optimum (or one of the optimums). As interactions become stronger, it becomes more
difficult to select values close to the optimums: the probability density widens (Figure 2-9¢ and d).
In situations of extremely strong interactions, one is just happy to find a solution within the
domain of admissibility (non-zero utility value). Hence the probability distribution tends towards
a uniform distribution over the range of admissible values (Figure 2-9e¢).

The a priori probability densities that we are currently using are essentially obtained by
normalizing utility functions. Intuitively this can be interpreted as a sort of average difficulty
assumption (sec Figure 2-9). The resulting a priori probabilities obviously satisfy
requirementl. Moreover, because we assume that domains of admissibility defined by utility
functions are bounded, normalization is always possible.

Prior to normalizing a utility function, its domain is pruned to account for earlier resource
reservations. This improves the quality of the probability distributions with respect to
desideratum2. In particular we remove from the start time probability distributions the start
times that are not allowed by the current resource reservations. A start time ¢ is not allowed for
an activity A,, if there is at least one resource R,; required by A, such that none of the resources
R,; is totally available between 7 and t+8,‘m, where 8",..;. is A,’s smallest admissible duration.

We are currently investigating alternative methods for producing a priori probability
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distributions. In particular we are investigating both iterative and hierarchical approaches to
preference propagation. In an iterative approach one can use the resource demand densities
obtained by the previous iteration to estimate the probability that a given resource will be
available for an activity at some time f. Using these probabilities, new a priori start time
probability distributions can be obtained and the propagation process can be carried out all over
again. Alternatively, in a hierarchical scheme, one can use the propagation results obtained at an
upper level to compute resource availability estimates. Again these estimates can be combined
with the start time utility functions to obtain a priori start time probability distributions for the
new level.

2.4 Propagating Start Time and Duration Distributions in a TCG

2.4.1 Preliminary Remarks

Now that we have some a priori distributions for the start time, duration (if variable) and
resources of an activity, we can refine these a priori probabilities so as to account for the actual
constraints of the problem. In this section we compute a posteriori start time (and duration)
probabilities that account for the interactions defined by the TCG.

This section is subdivided into several subsections each dealing with the propagation problem
under increasingly more general assumptions. As we already mentioned earlier we view TCGs as
undirected graphs. Subsection 4.2 develops the computation of a posteriori start time probability
distributions in acyclic TCGs with fixed duration activities. In subsection 4.3 the fixed-duration
assumption is relaxed. In subsection 4.4 we relax the acyclicity assumption. Subsections 4.2 to
44 all assume that there are no explicit disjunctions in the TCG. The transitivity
properties [Allen 83] of the relations may however induce disjunctions, which are then implicitly
accounted for in the propagation. An example of TCG with no explicit disjunction is represented
in Figure 2-10. The TCG specifies that I, OVERLAPS L, and I, is DURING I,. This implicitly
induces the disjunction I, {DURING, STARTS, OVERLAPS]} I, i.e. I; is DURING or STARTS
or OVERLAPS I3. All our calculations allow for this type of implicit disjunctions. On the other
hand explicit disjunctions are more difficult to handle and are quite infrequent in practical
factory scheduling problems. Propagation in TCGs with explicit disjunctions is discussed in
subsection 4.5. Figure 2-11 displays a TCG with explicit disjunctions. Subsection 4.6 interprets
the results.

Notations

¢ C,,C;,....,C,, will denote the explicit temporal relation constraints that define the
TCG (See Figure 2-10 for an example).

¢ 0,(st,=t) will denote 1,’s a priori start time probability density, obtained as suggested
in the previous section. ¢ is the variable.

¢ §,(du,=d) will denote I,’s a Hriori duration probability density, obtained as suggested
in the previous section. d is the variable. This distribution will only be used for
variable-duration activities.

o P(st,=t& C, & C,&...&C,) (where A, is assumed to be a fixed-duration activity)




explicit constraint

implicit constraint

C.: 1 OVERLAPS I,
C,: LDURING I,
C,: 1 {DURING, STARTS, OVERLAPS) I,

Figure 2-10: Example of a TCG with no explicit disjunctions

O——®

explicit constraint

C,: 1 (BEFORE, AFTER} I,

Figure 2-11: Example of a TCG with explicit disjunctions

will denote 1,’s a posteriori start time probability density. This density (with
variable r) corresponds to the a posteriori probability that Ay starts at time ¢ (i.e.
st;=t) and that the temporal relation constraints Cy, C,,...,C, are satisfied.

o P(st,=1&du,=d& C, & C,&...&C,) (where A, is assumed to be a variable-
duration activity) will denote the two-dimensional joint a posteriori probability
density of I;’s start time and duration. This density (with variables ¢ and d)
corresponds to the a posteriori probability that A, starts at time ¢ (i.e. 57,=f) and has

duration 4 (i.e. du,=d) and that the temporal relation constraints C,, G,, ..., C,, are all
satisfied.

In order to avoid the accumulation of parentheses in iterated integrals, we adopt the usual
convention tnat:

r
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We will also be using the following functions:
e apredicate) is a function that returns 1 when predicate evaluates to true and 0
otherwise12.

e BI[EQ,(&)], where EQ,(§) is a linear equation in §, is a distribution!3 such that:

[7BIEQ,®N @)
=afL < x < U] g(x) if x is the unique solution to EQ,(),
=[8(®) d if EQ,(8) holds for VE, and
=0 if EQ,(§) is inconsistent.

This simply expresses that the integration variable § is not only restricted to values
between L and U but that the values it can take should also satisfy the linear
equation EQ, (§).

o More generally B[EQ,(§,,-...£,)s-- EQ(&1»...E,)], where EQLE,,....§ )(for i=1 to ]) is
a linear equation, is a distribution such that:

J ey 2 [, BLEQ Gy b0 EQ G- DRI B 4,
1 n .
=[Gy . Ly <F' G <ULy g <P 68 8 < U]
k k+1 n
g[Fl(&k!gkq.p"7§u)»-‘)Fk—l(ék*)ébﬂ1'-'€n))§k9§k+1’"’€n] d&,,

if the system of linear equations is consistent and equivalent to:
&1 =F' € &prtre-En)
E_,2=Fz @/o&mv--'én)

.&H:F 1 irrnGy) (k-1 <D)

=( if the system of equations is inconsistent.

2.4.2 Propagation in an Acyclic TCG with Fixed-duration Activities

In this subsection we express the a posteriori probability density P (st =1&C, & C,&...&C,)
for the start time of an arbitrary time interval I, in terms of the a priori start time distributions!4.
We assume fixed-duration activities arranged in an acyclic TCG.

We denote by I}, S

%0 the intervals directly adjacent to I; in the TCG (Figure 2-12).

12The reader who is not familiar with this formalism can think of it as a convenient way of expressing IF-
statements in mathematical formulas.

13Qur B distribution is a variation of the Dirac distribution. The reader who is not familiar with this formalism can
simply look at it as a convenient way of expressing constraints on the values that an integration variable can take.

11, is an arbitrary clement of (I}, I,,...I ).
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C? (1 €i<py) is the temporal constraint between I and l?. Each time interval I? (I<i<pyis
itself related directly or indirectly to some other time intervals by a set of constraints S;. The
sets S? are disjoints as the TCG is assumed to be acyclic (Figure 2-12).

(T;)
< / \

Figure 2-12: An Acyclic TCG.
The time interval /; is related to L, 1‘2’ ey lgo

by respectively C(x) , Cg Cgo.

Since the TCG may be disconnected, which is the case when there are several independent
orders to schedule, we have:

(CHIUSU(G1US;. V(G Y US, < (C.CpnnnC) (1)

and m < n — 1 (number of edges in an n-vertex tree).

We will express the (a posteriori) probability that I starts at time r and that the constraints C,,
G,.,..., C,, are satisfied in terms of

e the a priori probability that I, starts at 1, and
e the probabilities that each time interval I? (1 £i<pg) has a start time compatible
with C? given that sty=t.
These latter probabilities can be expressed in a similar fashion, thereby resulting in an inductive
formulation of the a2 posterioni start time probabilities. The inductive formulation process stops
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when all related time intervals have been accounted for (or more precisely their a priori start time
distributions). At that point we have an expression of the a posteriori start time distribution that
only contains a priori start time distributions, i.e. distributions that we know from the previous
section.

Indeed, the a posteriori probability that szy=t and that the temporal relation constraints C,,
C,....Cp, are satisfied is given by!S the a priori probability that I starts at time ¢, denoted
o (stp=t), multiplied by the conditional probability that C;, C,,..., C, are satisfied, given that
stg=t, denoted P(C, & C, & ... &C _ |st,=1)):

P(sty=t&C,&C,&...&C, )= oy(sty =) X P(C, & C, & ... &C, |sty=1) ()
with 7 being the distribution variable.

Furthermore, assuming Ly’s start time fixed at time f, the satisfaction of the constraints

{C‘? }uS? is independent of the satisfaction of the constraints {C;) }qu (for i #)), since we are
dealing with an acyclic TCG. Hence:

Po
P(C,&C,&...&C, |sty=0= T P(C{&S]Isty=1) 3)

i=1
where P(C? &S? |st, =1) is the conditional probability distribution that C? and the constraints in
S? are satisfied given that st, = ¢ (with t being the distribution variable).

Using (3) we can now account separately for each constraint C?. We will express each
multiplicand, P(C?&S? |sty=1), in terms of P (st? = 't&S? ), the probability that I? starts at some
time 1 (to be defined) and that the constraints in S ? are satisfied. Consequently equations (2) and
(3) will enable us to express P (st =t&C,&C,&...&C,) in terms of probabilities of the form
P(st? = 't&S? ), i.e. probabilities of the same form as the original probability

P(sty=t&C,&C,&...&C,) except that S is only a subset of {C, C,,....Cyp ). By recursively
repeating this process, we will be able to account for all the temporal relation constraints. The

recursion  process  stops  when S? gets empty since at that  point

P(s?=1&5%) = P(st° = 1) = 62(s1° = 1), I’s a priori start time density.
Paragraghs 4.2.1 and 4.2.2 develop the computation of P(C? &S? |st,=1¢) in terms of
P(stf.’:‘c&S? ) = 0?(st?=t)P(S? |sf’=t) in the case where C? is respectively of the form "I,

MEETS I, and "I, BEFORE I, The treatment of the set of all thirteen of Allen’s temporal
relation constraints can be found in appendix1.

24.21C): I, MEETS I{

The constraint "I, MEETS lf’ requires (Figure 2-13) that I’s end time be equal to lf’s start
time, i.e. it requires that eto--sto+du0=st?. In other words, assuming that s¢y=t, the probability that
C? and the constraints in S? are satisfied is equal to the probability that st?=t+du0 and that the

15p (A &B) = P(A) x P(B|A): the joint probability of two events A and B can be expressed as the product of the
probability of event A with the conditional probability that B occurs given that A is assumed to occur.
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Figure 2-13: I, MEETS [}

constraints in S are satisfied:

PC &S0 |sty=1) =P(s° = t + duy & S
=02(st) =t + dug) P(S? | s8] = t + duy) )

2.4.22C: 1,is BEFORE I}

0
I, I
I du, l I l

0
st et, st

time

Figure 2-14: I, BEFORE [

The constraint "/, BEFORE P requires (Figure 2-14) that Iy’s end time be smaller than 1? 'S
start time, i.e. it requires that et0=sto+du0<st?. In other words, assuming that sfp=t, the
probability that C? and the constraints in S? are satisfied is equal to the probability that
s> t+dug and that the constraints in S{ are satisfied:

PCI&SIsto=0) = [ P(sf)=t&Sdv

‘*""o
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= j T s =P = tyde (5)
t+ "“o

2.4.2.3 Example
We use the three activities of order, (Figure 2-2) to illustrate the computations that we have

just developed. We have:
P(St6=t&C1&C2&...&C7)
=P(st6=t&C6&C7)
=0¢(ste=t) P(Cc&Co|st=1)
=0g(St=t) J'; O(st7=17) P(C4|5t7=17) d14
g

= = < = d ® G Io=T d't 6
Og(ste=1) | a0, 0TST=TD) ‘CvLﬁ u, 080788 %8 ©)
Also, using thz “ormula given in appendix1 to account for “I; AFTER Ig":

P(st7=1&C 1 &Cr&...&C5)
=P(st;=t&C¢&C)
=0(st7=1) P(Cc&C4| s19=1)
=G(st;=1) P(Cg|st7=t) P(C|5t7=1)
=03(sty=1) | _’;f“‘sc6(st6=16)dt6 J’;ﬁ Og(stg=Tg)d1g ()]

Finally, in the same fashion:

P(stg=t&C8Cyl...&C5)
=P(stg=t&C¢&C;)
=0g(stg=t) P(C¢&C|s1g=1)
=Cg(stg=1) | _'j""07(st7='t7) P(Cglst;=1)dr;

=cg(stg=t) [ 10,(sty=17) dt; [T e04(s16=15) dg (8)

We assume that the resources are initially free (i.e. no priori resource reservations). Therefore,
since activities Ag, A;, and Ag have uniform start time utility functions, their a priori start time
densities are uniform as well, and span between times 0 and 120. Figure 2-15 displays the a
posteriori start time densities computed using these a priori densities. Since in this case the start
time utilities are uniform, the most preferable start times for each activity are the ones that leave
the most freedom to the other activities for satisfying the temporal constraints Cg and C;. For
instance, Ag’s a posteriori start time density indicates that Ag should start as early as possible in

order to leave as much room as possible to A and A816. As we will see in the example of

1611 is important at this point to bear in mind that we have not yet accounted for resource capacity constraints. In
particular we do not know the effects that these constraints will have on the domain of possible start times for A,
and Ag. Hence, at this point, the best start times are the least committing ones with respect to the temporal
constraints.
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subsection 4.4, the propagation of nonuniform start time utility functions such as the ones of the
activities in order; are influenced by a second factor. In addition to looking for start times that
leave a lot of slack to the other activities that have not been scheduled yet, the propagation of
nonuniform utilities gives a higher preference to higher utilities. The a posteriori distributions
thereby reflect a compromise between the utilities to optimize and the need to leave enough
room for selecting good start times for the other activities that have not yet been scheduled.

0.08
0.07}- A6 posterior start time probability density
0.06 |-
0.05
0.04
0.03
0.02
0.01
0.00

probabllity density

1 1 1 Ll

1 1 1 1 [ 1 1 1 L
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150
start time

0.08
0.07} A7 posterior start time probability density
0.06 |
0.05}
0.04}
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0.00

probability density

1 1 1 1 ' 1 1 1 1 1 L 1 [
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0.08 -
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start time

Figure 2-15: A posteriori start time densities for order,

2.4.3 Propagation in an Acyclic TCG with Variable-duration Activities

In the case of variable-duration activities, one can compute for each activity a tvvo-dimensional
joint a posteriori probability density of the activity’s start time and duration. This density, of the
form P(sty=t&du,=d&C,&C,&...&C,), represents the probability that sty=t and duy=d and
that all the temporal relation constraints are satisfied given the activities’ a priori start time and
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duration distributions. The integrals involved in the computation of these distributions are very
similar to those of the previous subsection, except that we now have to account for the a priori
duration distributions.

The equivalent to equations (2) and (3) are:
P(sty=1&duy=d& C,&C,&...&C,)= o(sty=t) xdy(duy,=d) x
P(C & C,&... &C, |sty=t&du,=d) &)
with:
Po
P(C\&Cy& ... &C,|sty=t&duy=d)= [ P(C} &S} sty =t & duy=d) (10)
i=1
Paragraghs 4.3.1 and 4.3.2 develop the computation of P(C? &S? | sty =t& duy=d) in terms of
P(s=1&du) =8&S?) = 0%s¥=1) 8du’=8) P(S?|s’=1 & dul=5) in the case where C' is
respectively of the form "I, MEETS I, and "I BEFORE L,. The treatment of the set of all
thirteen of Allen’s temporal relation constraints can be found in appendix1. Exactly like in the

previous subsection, one can use these equations in a recursive fashion to express the a posteriori
start ime and duration densities in terms of the a priori ones.

24.3.1C: [, MEETS I/

As before, the constraint "/, MEETS 1?" requires (Figure 2-13) that /’s end time be equal to
I’s start time, i.e. it requires that et0=st0+du0=st?. Hence, assuming that sty=t and duy=d, the
probability that C; and the constraints in S? are satisfied is equal to the probability that st'=t+d
and that the constraints in S are satisfied:

P(CY& S5ty = t& dug=d) = P(s®=1+d & S?)
= [ 8} =8)osi) =1+ P(S] |58} = 1+d &au=8) db
0

=j:8?(du§.’=8)ds J:B‘(t=t+d) o2(s%=1) P(S? | s®=t & du® =8) de 1)

The first equality is the most natural one. We will however use equation (11) in the next
subsection, when allowing for cycles in the TCG.

2.4.32 C): I, BEFORE I
In the same fashion, if I has to be BEFORE I?, one has:
P(C?& 80|51y = t & duy=d)

= jo”af.’(du?=5) ds | ~d<5?(st?=t) P(S0Is =t & dul=8)dt (12)
t+
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2.4.4 Relaxing the Acyclicity Assumption
We now turn our attention to the case where there may be cycles in the TCG. Equation (9) still
holds but the computation of P(C, & C, & ... & C,,|st, = t &du,=d) becomes more complex.

P(C,&Cy&...&C, |sty=t&duy=d) is the probability that C,, C,, ..., C,, are satisfied when
st,=t and dug=d given the activities’ a priori start time and duration distributions. The set of
temporal relation constraints {C;, C,, ..., C,} can be expressed as a set of linear equalities and
inequalides (e.g. I, BEFORE I; is equivalent to st+du; <st). This set of equalities and
inequalities together with the conditions sty=t and duy=d defines a polyhedron in the 2(n-1)
dimensional space generated by st;, st, ..., St ,, duI, du;, s du_ 17, The volume contained in
this polyhedron is the domain of admissible values for st;, st;, st;_l, du;, du;, du;_l given
the TCG and the conditions st;=t and du,=d (independently of the a priori start time and duration
distributions). Therefore P(C, & C,&...&C, |st, = t &du,=d) can be obtained by integrating the
multivariable probability density
G,(st;=T,)0,(s4,=1,)...C,, ,(st. =T, )8,(du;=8)85(du;=8,)...5 ,(du’ =5, ) over this volume. In
this subsection we explain how to effectively build this multiple integral as an iterated integral.

Notice that, according to Fubini’s theorem (see [Thomas 83} for instance), there are [2(n—-1)]!
correct ways to express a 2(n-1)-tuple integral as an iterated integral (each corresponding to a
permutation of the 2(n-1) integration variables). The algorithm that we present builds one of
these [2(n—1)]! iterated integrals. Although all the iterated forms are theoretically equivalent,
some result in faster numerical evaluation than others!8. The algorithm that we describe gives
one way to build these integrals. The integrals can then be rearranged in order to speed up their
evaluations. We will not be concerned here with these implementation details.

Consider again the TCG associated to order, in the example of subsection 1.3 (Figure 2-16)19.
As we saw in equation (6):

PC&Clstg=n=[ oylst=tydr, |~ d»’os(stsﬂs)drs (13)
T+

t+dug
Alternatively, we can start integrating on st,, which produces:
PC&Cylstg=0)= [ oylsty=r) olty=duy > t+dug) dty [ o(sti=t)dr,
~oo l+du6
o Tgduy
_jlm6+dwlos(st8=1:8) dtg J'Hd% o,(st;=1,) dy, (14)

where o(tg—du, > t+du,) simply expresses that the second integral’s upper bound has to be

"Where (I, Iy, L, ..., [, ;) = (1, I, ..., I}, I, being an arbitrary time interval of the set, as in the previous
subsections. The ™*" simply indicates that the time intervals have been reordered.

18S0me iterated forms are also easier o solve analytically than others.

190ne of the reasons for chosing this example is that the domain of integration can be visualized in 2-D.
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domain of integration in (13) domain of integration in (14)

Figure 2-16: Mlustration of Fubini’s Theorem in a TCG with 3 Time Periods

greater than its lower bound (since we are integrating probability densities). Figure 2-16
represents the domain of integration of both form (13) and (14). They are obviously the same,
which illustrates that both forms (both iterated integrals) are equivalent. Besides its illustration
of Fubini’s theorem, this example shows how to account for several constraints at the same time
when determining a variable’s domain of integration: in (14) the domain of integration of st, is
determined by the two constraints C4 and C,. In this example C, determines the lower bound of
the integral and C, the upper bound. The simplicity of the formulas in the previous subsections
was coming from the fact that it was possible to order the integration variables so as to account
for only one constraint at a time. In TCGs with cycles it is generally not possible to find such an
ordering. The domain of integration of a variable is usually determined by several constraints,
some affecting the lower-bound some the upper-bound. The actual lower-bound will therefore be
given by the maximum of the lower-bounds produced by each constraint (i.e. the most restrictive
one) and the actual upper-bound by the minimum of the upper-bounds produced by each
constraint. Additionally one has to ensure that the lower-bound is smaller than the upper-bound
(see a function in (14)) since we are integrating probability densities.

Order, (Figure 2-2) in subsection 1.3, is an example of a TCG with cycle where the integration
bounds of some start times are obtained by taking the minimum or maximum of the bounds
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produced by several constraints. For instance:

P(C,&C,..&Cslsty=0)=[" o,(s1,=1,)dr, j T o (st=1,)dT,

I+du1 l+du1

- o, (st dt O(st=15)dt 15
jt2+du2 3( 3_13) JMaz{‘t3+du3‘t4+du4] 5( 5 5) 5 ( )

As suggested by the above example, the procedure for building iterated integrals to compute a
posteriori probability distributions in TCG with cycles is just a generalization of the formulas
given in the previous subsections. The main differences come from the fact that it is not possible
anymore to find an ordering of the integration variables that would allow for accounting for only
one temporal relation constraint at a time. We just saw how to combine the lower-bounds and
upper-bounds imposed by different temporal constraints. Before describing a general procedure
to effectively build a posteriori probability integrals, we still have one detail to consider. Some of
the formulas given in the previous subsecuon include B distributions (see also appendix1). For
instance B!(t=t+d) in (11) expresses that st should be equal to t+d in order for I, to meet I° B
distributions provide an easy way to formally handle all temporal relation constraints in the same
fashion, i.e. with integrals over the duration and start time of each time interval. B distributions
allow for expressing equalities involving integraton variables. When several constraints
involving P distributions affect the same time interval, one has to make sure that the values for
the interval’s start time (or duration) that they each require are compatible. This is accomplished
by using the following rule (which can easily be verified using the definition of B distributions):

J.DomamB[[EQl’ ,EQI] Bm[EQl‘* [re ’EQI+m] g(él »* '§ ) dE:l dg

=] BIEQ...EQ ) 8k, (16)
This is illustrated by the example below.

The TCG represented in Figure 2-17 involves 3 time intervals (with variable durations),
namely I, I,, and I,. The temporal relation constraints are:

o C,: I, STARTED-BY L,
o C,: I, CONTAINS 1,, and
o Cy:1, MEETS I,

Using equations (3€), (41), (35) (see appendix), and (16) one can write:
d 1+d-
P(CL&C4Cy | sty=t&eduy=d)= [ 8y(duy=edes | oy(sty=rty)dr,
{

Min{ed ;
I d,(du,=¢,))de, J' B (1,=1,1,=13-€,)0,(5t,=1,) d,

Max{00} Max{—so,—oo}

This formula can be simplified using the definition of B distributions:
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C,: 1, STARTED-BY I,
C,: 1, CONTAINS I,
C,: I, MEETS I,

>

time

Figure 2-17: A TCG with 3 Time Periods
P(C\&C,&Cs | st,=t&du,=d)
= j:83(du,=e3)da, j""*‘sc3(s:3=r,)a(0<g-t<d) 8,(du,=1,~1) G(st,=t) d,
=0,(st,=t) 1:83(du3=83)das L“d*so,(s:f:,) 8,(du=t,~f) dr,

To conclude this subsection, Figure 2-18 gives a description of BUILD-A-POSTERIORI-

PROBABILITY-EXPRESSION, a  general procedure to  effectively  express
P(C,,...,.C,|sty=t&duy=d) as an iterated integral. The body of the procedure makes use of a
couple of simple functions, of which we only give an informal description:

e adjacent(/, TCG): returns a list containing the time intervals adjacent to / in the
TCG, I being itself a time interval.

¢ pop(list): removes the first element from list and returns it.

e index(/): returns the index (i.e. subscript) of I, where / is a time interval (e.g.
index(/,) returns 2 ).

o intersection(list, list,): returns a list containing the elements of lisz, that are also in
list, (the order of the elements in the result list is arbitrary).
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e union(list,,list,): returns a list containing any element that is either in list, or list, (or
in both). An element appearing in both list, and list, is returned only once.

o list-difference(list, list,): returns a list with the elements of /isz, that are not in list,.

e start-time-upper-bound-expression(/, list): I is a time interval, and list is a list of
time intervals adjacent to / in the TCG. The function returns the start time upper-
bound expression resulting from the temporal relation constraints between I and the
time intervals in lisz. As explained earlier in this subsection, this is expressed as the
minimum of the upper-bound produced by each constraint.

o start-time-lower-bound-expression(/, list): same as above. The lower-bound is
expressed as the maximum of the lower-bound produced by each constraint.

e duration-upper-bound-expression(/, list): same as above for the duration
(minimum).

e duration-lower-bound-expression(/, list): same as above for the duration
(maximum).

¢ beta-expression(/, list): combines the eventual [ distributions resulting from the
temporal constraints between I and the time intervals in list, as explained earlier in
this subsection. If there are no P distributions the function simply returns the empty
expression.

e append(expression,, expression,): appends the two expressions together.

We use € and nil to respectively denote the empty expression and the empty list. The procedure
builds the iterated integral from left to right by successively visiting each time interval that is
directly or indirectly related to I,, LOCAL-EXPR contains the integrals over the start time and
duration of the time interval currently visited. This local expression is appended to the right of a
current partial expression of the iterated integral, thereby resulting in a new partial expression.
Intervals that have been visited (i.e. whose start time and duration a priori densities have already
been integrated in PARTIAL-EXPRESSION) are marked. Integration bounds for a time interval’s
start time and duration are determined by the temporal relation constraints between that time
interval and the adjacent time intervals that have already been marked.

As illustrated in the previous examples, the expressions produced by this procedure can be
simplified using the definitions of o functions and B distributions. The integration bounds can
also be refined to account for the very domain over which the probability densities are strictly
positive. Finally the order of integration can be rearranged to speed up evaluation. A time
complexity analysis of the method and a discussion of available methods to evaluate the integrals
are given in section 6.

Figure 2-19 illustrates the operation of the procedure in the construction of the iterated integral
in (15). Notice that the o expressions have been omitted as they trivially evaluate to 1.

Figure 2-20 displays the a posteriori start time densities of the activities in order,, assuming no
prior resource reservations. The start time utility functions are the ones described in subsection
1.3, triangle shaped utility functions allowing for start times between O and 140 with a peak in
120. One should notice the difference with the propagation of the uniform start time utilities of
order, (Figure 2-15). For instance in the case of As, the a posteriori density was not totally
pushed to the right. Instead the density peaks at 130, which is a compromise between the optimal
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procedure BUILD-A-POSTERIORI-PROBABILITY-EXPRESSION (I, , TCG)

INTERVALS-TO-BE-PROCESSED « adjacent(I;,, TCG) ;

PARTIAL-EXPRESSION ¢« €
MARKED-INTERVALS < {IO] ;
*a list containing I *
while INTERVALS-TO-BE-PROCESSED # nil
I « pop(INTERVALS-TO-BE-PROCESSED) ;
1 « index(I);
RELATED-INTERVALS « adjacent(I, TCG) ;
INTERVALS-TO-ACCOUNT-FOR &«
intersection(MARKED-INTERVALS, RELATED-INTERVALS) ;
SUB ¢ start-time-upper-bound-expression(I, INTERVALS-TO-ACCOUNT-FOR) ;
SLB ¢ start-time-lower-bound-expression(l, INTERVALS-TO-ACCOUNT-FOR) ;
DUB ¢ duration-upper-bound-expression(I, INTERVALS-TO-ACCOUNT-FOR) ;
DLB ¢« duration-lower-bound-expression(l, INTERVALS-TO-ACCOUNT-FOR) ;
BETA « beta-expression(l, INTERVALS-TO-ACCOUNT-FOR) ;
LOCAL-EXPR < 0(DUB>DLB) J’D”L‘;"S,(du,ze,.)a(sua >SLB)dE; j::BETA ofst=t)dr;;

PARTIAL-EXPRESSION append(PARTIAL-EXPRESSION,LOCAL-EXPR) ;
MARKED-INTERVALS « union(MARKED-INTERVALS, {I});
INTERVALS-TO-BE-PROCESSED ¢ union(Il\I'I'ERVALS-TO-BE-PROCESSED,
list-difference(RELATED-INTERVALS, MARKED-INTERVALS)) ;
while-end ;
return PARTIAL-EXPRESSION;

Figure 2-18: Procedure to express P(C,,...,C, |st,=t&du,=d) as an iterated integral

start time (120) and the tendency of the other activities to push Agq towards its latest start time
(140) in order to have more freedom. A similar remark applics to the other four activities. It
should also be noted that A;’s a posteriori start time density between 40 and 50 and Ag’s
between 90 and 100 are not zero, though very small, which unfortunately does not appear very
clearly on the graphs.
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initialization:

stepy:

step,:

steps:

step:

PARTIAL-EXPRESSION: €
MARKED-INTERVALS: {I;}
INTERVALS-TO-BE-PROCESSED: {I,, I}

I 12
PARTIAL-EXPRESSION: | ”d 0,(s1,=1,)dt,
I+ 4y

MARKED-INTERVALS: {1}, I}
INTERVALS-TO-BE-PROCESSED: {1, 15}

I: 1
4
PARTIAL-EXPRESSION: [~  0,(s1,=1,)dT, j '; o,(s1,=T,)dT,
+du
1

t+du
1
MARKED-INTERVALS: (1, I, I}
INTERVALS-TO-BE-PROCESSED: (I3, Is)

I 1
A3
PARTIAL-EXPRESSION: J:ml 0,(st,=1,)d1, Lm, o,(st=1,)d1, Ifz*d“z 0,(s1,=1,)dT,

MARKED-INTERVALS: (I, I, I3, 14}
INTERVALS-TO-BE-PROCESSED: {Is}

I: 1
5
PARTIAL-EXPRESSION: [~  0,(st;=0,)d0, [~ O (st,=1)dt, [~ 0y(st;=ty)dr
fl+dul 2( 2_12) 2."144“1 4( 4 4) 4].‘21_4“2 3( 3—1-’.3) 3
- O5(st=t5)dt
IMax{‘t3+du3.t4+du4] S( 5 5) 5

MARKED-INTERVALS: [Il, 12, 13, 14, Is}
INTERVALS-TO-BE-PROCESSED: nil

Figure 2-19: Main steps involved in the construction of (15).
Notice that the o expressions have been omitted as they trivially
evaluate to 1.
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2-20: A posteriori start time densities for order,
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2.4.5 Propagation in a T'CG with Explicit Disjunctions

In the case of explicit disjunctions in the TCG, one has to add the probabilities of all possible
combinations of relations. Consider the example displayed in Figure 2-21. There are three time
intervals I, I, and I;. The temporal relation constraints are:

e C,: I, {BEFORE, AFTER} I,, and

e C,: I, {BEFORE, AFTER] I,.
Four combinations are possiblc:
1.1, BEFORE I, and I, BEFORE I,

2.1, BEFORE I, and I, AFTER L,
3.1, AFTER I, and I, BEFORE 1, and

4.1, AFTER |, and I, AFTER I,.
The a posteriori probability distributions are obtained by adding the probabilities of all four
possibilities. For example:

P(C &C,|st,=1)
=" o,6t,=t)d,[" o,(st.=1)d
J;Mu‘ 55=T, 2It2+du2 38L=T)at,
+ j:dul O(sL,=T)dT, [ T 0y (sty=Ty)dr,
+[ ™20 (st=ry)dr, j’;d“z 05 (st,=T,)dT,
+[ 0y (sty=t)dn,[ T30, (sty=1;)d,
o +d
=[ i o (st;=0)[1- | :%“263(st3=‘t3)dt3 Jdr,
+[ ™o (st=ty)1 - | 2_:‘:03(st3=t3)d‘t3 ldt,

O——O0—©

C.:1, {BEFORE,AFTER] I,
C.: 1, {BEFORE,AFTER] I,

Figure 2-21: A TCG with explicit disjunctions

As the number of possible combinations grows exponentially with the number of time
intervals, the computations are expected to quickly become intractable. Fortunately, in the
factory scheduling domain, it has been our experience that such disjunctions are extremely
infrequent.
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2.4.6 Result Interpretation

It is interesting at this point to look back at the desiderata and requirements identified in
subsection 3.2 and check if they are satisfied. From subsection 3.2, we already know that our a
priori start time distributions have been built to satisfy requirementl. In order to properly
perform consistency checking we still need to check requirement2, i.e. we need to make sure
that no admissible value may receive a zero a posteriori probability. This just follows from
probability theory. Moreover the method will give a zero a posteriori probability to any value
forbidden by the TCG, given the a priori probability distributions. Hence the computation of the
a posteriori probabilities is perfect with respect to desideratum2, as far as the interactions
defined by the TCG are concerned. The remaining inconsistencies result from the difficulty to
account for inter-order interactions between unscheduled activities.

Once the a posteriori start time and duration distributions have been computed, one has to
distinguish between two possible situations:
1. If at least one of the a posteriori probability density is uniformly zero then the
current CSP is unsatisfiable (inconsistent). The incremental scheduler should
backtrack, if still possible.

2. Otherwise, after having been normalized, the a posteriori distributions can be
combined to obtain the resource demand densities induced by the CSP, as we
describe in the next section20. The normalization simply expresses that the total
probability that each activity occurs is equal to one.

Because they account for the interactions defined by the TCG, a posteriori start time (and
duration) distributions reflect intra-order interactions. They generalize the Operations Research
notion of activity slack [Johnson 74]. Indeed a value with a high a posteriori probability will
usually correspond to a high utility and will be likely to leave a lot of freedom for selecting high
utility values for the other variables that have not been assigned a value yet. Therefore selection
of start imes (and durations) with high a posteriori probabilities is expected to result in good
solutions to the CSP (desideratuml1)?!. An activity whose range of admissible start times (and
durations) with high a posteriori probabilities is very wide is an activity with a lot of slack (with
respect to the TCG). On the other hand, if the range of admissible values with high a posteriori
probabilities is small, the activity has little slack. Equivalently, from a constraint satisfaction
point of view, these a posteriori distributions can be seen locally as measures of value goodness
and globally as measures of variable looseness.

However it is important to understand that, in general, the peaks of the a posteriori start time
aud duration distributions will not exactly coincide with the optimal activity start times and
durations of the problem, nor will they even coincide with those of the problem obtained by
omitting the resource capacity constraints. For instance, in the case of ordery, the optimal start
times of A;, Ay, A3, A4, and A are respectively 30, 60, 90, 60, and 120 (and 30, 60, 90, 90, and
120 if one omits Ry’s capacity constraint). Obviously these optimal start times do not exactly
coincide with the peaks of the distributions displayed in Figure 2-20. This is because at this stage

20This situation is not a guarantee that the current CSP is satisfiable since we have only performed partial
consistency checking.

21 Although one should still account for inter-order interactions, which is the topic of the next section.
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we have not accounted precisely for the interactions induced by the capacity constraints. Our a
priori distributions accounted only implicitly for the existence of these interactions by assuming
non zero probabilities for values that were not locally optimal (see Figure 2-9). Iterating the
propagation process as suggested in subsection 3.2, i.e. using resource demand densities to guess
new a priori probabilities, should improve the quality of the a posteriori start time and duration
distributions as measures of start time and duration goodness (desideratuml).

2.5 Resource Demand Densities
We complete the propagation process by combining the a posteriori start time (and duration)
probabilities to estimate the amount of contention for each resource. This is performed in two
steps:
1. For each activity A,, we compute a set of individual demand densities D;;. For
each resource Ry;; that an activity A, can use, the demand density D,a (1) reflects
the probability that A, uses R;; kij At time ¢ to fulfill its resource requxrement Ry
This probability dcpends both on the probability that A is active at time ¢ and the
probability that A uses Ry;; to fulfill its requirement R;;. The probability that an
activity is active at some tunc t is given by the probability that the activity’s start
time and duration are such that the activity does not start after ¢ and does not start
so early that it is already finished by ¢. In the case of a fixed-duration activity A, ,
this is the probability that the activity starts some time between t—du, and 1. A

detailed treatment of the computation of individual demand densities is given in
append1x2 We will also interpret D,a {#) as the reliance of A, on the possession of

at time . Indeed activities with httlc slack and few good possible resources

wxlll have high individual demand densities concentrated over short time periods
and a few resources, whereas activities with a lot of slack and several good
resource alternatives will have smoother individual demand densities spread over
long periods of time and several resources (see appendix 2 for details).

2. For each resource, activities’ individual demand densities are combined to obtain
the resource’s aggregate demand density. This density gives the expected demand
for the resource as a function of time. In the example described in subsection 1.3,
the aggregate demand densities are given by:

* R,’s aggregate demand density = D(£)=D;(0)+Dy;,(D+Dsy ()
* Ry’s aggregate demand density = Do(£)=D19()+D319()+D 419(0)+D12(0)

* Ry’s aggregate demand density = D4()=D¢gy3(8)+D713(8)+Dgy5(1)
Notice that the aggregation process is performed regardless of the resources’
capacities. As a matter of fact, a resource’s aggregate demand density at some time

t may get larger than its capacity. In general high contention for a resource will
require prompt attention from the scheduler.

Figure 2-22 depicts the aggregate demand densities D, (t), Dy(t), and D;(t) for the example in
subsection 1.3. Clearly the contention between A3, A4 and A, for R,, which was predicted in
the introduction, has been identified by the propagation method. It corresponds to the peak of
D,(t) centered around t=100. This peak reaches a density of 1.5, which is much larger than any
of the other peaks. Figure 2-23 shows the individual contributions of A3, A4, and A5 to the
demand around the peak, namely D3,5(t), Dgy5(t), and Dq;,(t). An area of width 30 has been
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Figure 2-22: R,, R, and R3’s aggregate demand densities

delimited around the peak22. This is the area of high contention for R,. It clearly appears that
within that zone, Aj is the activity whose individual demand density contributes most to the
demand for R,. Consequently Aj is the activity that relies the most on the possession of R,
within the area of high contention. An incremental scheduler can accordingly decide to first

ZThere is no particular reason for chosing 30 except that it seems to be a characteristic duration for this problem,
since all the activities have a duration of 30. The same results would hold if we were considering slightly smaller or
larger intervals of contention around the peak.
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Figure 2-23: Contributions of A3, A4, and A; to R,’s aggregate demand density
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focus its attention on the scheduling of As.
2.6 Discussion

2.6.1 Time Complexity

As demonstrated in section 4, in a TCG with no explicit disjunctive constraints,
P(st,=t&du,=d&C,&C,&...&C,) can be expressed at worst with a 2(n—1)-tuple integral of a
priori start-time and duration probability densities, where n is the number of activities to
schedule. The construction of these integrals can be performed in polynomial time (see the
procedure in Figure 2-18). On the other hand, evaluation of multiple integrals using classical
integration techniques requires exponential time. In the worst case computation of the n a
posteriori distributions requires O(nK?") integrand evaluations, where K is a constant that
depends on the integration method. In the case of fixed-duration activities this complexity is still
O(nK"). This exponential worst-case time complexity is actually a very pessimistic one. In
manufacturing environments activities are grouped in orders. Only activities within the same
order have temporal relation constraints between them. Therefore the largest multiple integrals
that one has to evaluate correspond to the largest number of interconnected activities within an
order (say Max m,,,,) This results in a worst case time complexity of nK2M@™,q. in the case of
n variable-duration activities, and a time complexity of nKM&*mo4.r in the case of n fixed-
duration activities. This also means that, for a given set of order types (i.e. Max m,,,,, is fixed),
the worst-case time complexity to compute the a posteriori probability distributions is linear in
the number of orders to schedule. The computation of the resource demand densities requires at
most O(n X r) steps, for n activities and r resources. Hence for a fixed set of order types and a
fixed set of resources, the asymptotic time complexity of the approach is linear in the number of
orders to schedule.

In manufacturing environments, one may have to schedule up to several thousands of activities
grouped in orders of up to 20 or 30 activities. Assuming that all these activities are modeled as
variable-duration activities, one may have multiple integrals of dimension up to 60. Numeric
evaluation of such integrals is usually performed using Monte Carlo techniques [Stroud 71].
[Lepage 78] describes an adaptive Monte Carlo method for evaluating multidimensional
integrals whose asymprotic time and space complexities are linear in the integral’s dimension.

Alternatively one may try to reduce the size of the integrals via the use of a hierarchical
scheduler.

2.6.2 Expressiveness of the Model

The preference propagation techniques that we have presented allow for all thirteen of Allen’s
temporal relation constraints as well as for disjunctions of such constraints. Additionally
quantitative temporal relation constraints such as "Activityg should start at least 5 minutes after
activity," can be represented using dummy activities. For instance, one can introduce a dummy
activityc with duration of 5 minutes and the two constraints "activity, MEETS activity." and
“activity- BEFORE activityg". Using duration preferences one can express even more complex
quantitative temporal relation constraints such as “Activityp should start as soon as possible
within 5 minutes after activity,".

as




Our model accounts for three types of local preferential constraints: start time, duration, and
resource preferential constraints. End time preferential constraints can be expressed using
dummy activities. For instance an end time preferential constraint on an activity, can be
expressed as a start time preferential constraint on a dummy activityg MET-BY activity,. Our
framework also seems to allow for the representation of the most common global organizational
constraints [Baker 74]. For instance, minimizing mean (weighted) order tardiness can be
expressed with the help of end time (hence start time) constraints on the last activities of each
order. Minimization of mean (weighted) order flowtime can be represented with aggregate
activities, each containing all the activities in an order and a preferential constraint on the
duration of each aggregate activity.

2.6.3 Possible Improvements

The preference propagation technique presented in this paper has been implemented on a Sun
3/60 running Knowledge Craft on top of Lucid Common Lisp for TCGs with fixed-duration
activities interconnected by BEFORE/AFTER relations and that may contain cycles. An
incremental scheduler has also been built that uses the preference propagation module to focus
its attention.  Preliminary experimentation with the system suggests several possible
improvements.

2.6.3.1 Iterative and Hierarchical Preference Propagation

As already mentioned in subsection 3.2, we are currently investigating alternative ways to
compute a priori probability distributions. In particular we are considering both iterative and
hierarchical variations of the preference propagation scheme presented in this paper. In an
iterative approach one can use the resource demand densities obtained by the previous iteration
to estimate the probability that a given resource will be available for an activity at some time .
These probabilities can then be combined to obtain more accurate start time, duration, and
resource a priori probability distributions for a new propagation. For instance good start times for
which good resources are likely to be unavailable would see their a priori probability being
reduced. A hierarchical approach is similar except that the additional information is obtained
from the results of the propagation at the upper level rather than from the previous iteration.
Such techniques are expected to account more accurately for the resource requirement
interactions of unscheduled activities.

2.6.3.2 Activity Criticality

In the introduction we have defined a critical activity as one whose good (overall) start times
and resources are likely to become unavailable if one started scheduling other activities first. In
this paper we have assumed that the most critical activity is the one that relied the most on the
possession of the most contended resource (over the area of high contention for that resource).
This measure of activity criticality is only concerned with the availability of good resources at
good start times. Good start times may however become unavailable just because of operation
precedence interactions (i.e. intra-order interactions), as reflected in the a posteriori start
time/duration distributions.23We are looking for ways to integrate the notion of start

BIn the approach that we have presented, intra-order interactions are accounted for indirectly via the individual

and aggregate demand densitics, since these densitics are computed from the a posteriori start time/duration
distributions.




ume/duration looseness identifted in subsection 4.6 directly into our measure of activity
criticality rather than only indirectly through measures of resource contention and activity
resource reliance. Additionally, rather than simply accounting for activity reliance with respect
to the most contended resource, we would like to develop a measure that accounts for the
reliance of an activity on each of its possible resources and the contention on each of these
resources (over the appropriate time intervals).

2.6.3.3 Value Goodness

All along we have assumed that value goodness was solely determined by the problem
constraints, i.e. both the required and preferential constraints of the problem. A more
sophisticated approach would consist in also accounting for the time available to come up with a
schedule. If there is very little time available, one will be mainly concemed with finding an
admissible schedule as soon as possible. Good values are therefore the ones that are the least
likely to result in backtracking, i.e. the least constraining values identified in earlier work in
constraint satisfaction with uniformly preferred values [Haralick 80]. Instead if more time is
available, it may be worthwhile considering riskier values because they are likely to result in a
better schedule. For instance, if one machine is more accurate than all the other ones, one could
try to schedule more activities on the most accurate machine. This may however result into some
extra backtracking due to the higher contention for the accurate machine.

2.7 Summary and Concluding Remarks

Factory scheduling is subject to a wide variety of preferential constraints such as meeting due
dates, reducing order flowtime, using accurate machines, etc. These local a priori preferences
interact. For instance, meeting an order’s due date may prevent the scheduler from selecting an
accurate machine for an operation. Therefore selecting start times or resources based solely on
such preferences is likely to result in poor schedules. Preference propagation strives for the
construction of measures that reflect preference interactions. Such measures can then serve to
guide the construction of good overall schedules rather.than schedules that locally optimize a
subset of a priori preferences.

Our approach to preference propagation is inspired by two CSP look-ahead techniques known
as variable ordering and value ordering [Dechter 88]. Both theoretical and empirical studies
[Haralick 80, Freuder 82b, Nudel 83, Purdom 83, Stone 86]indicate that these techniques can
significantly reduce the amount of search for a solution. Earlier work had only focused on
applying these techniques to CSPs where variables have finite sets of equally preferred values.
Our approach to preference propagation extends these techniques to CSPs where variables have
infinite bounded sets of possible values with non-uniform preferences. The results of the
propagation are formulated as a set of texture measures. In this paper we have identified the
following texture measures: start time/duration goodness and looseness, resource contention,
and activity resource reliance.

From an Operations Research point of view, our preference propagation technique combines
advantages of both order-based and resource-based scheduling by accounting for both intra-order
and inter-order interactions [Smith 85].

We perform preference propagation within a probabilistic framework. A probability is
associated to each variable’s possible value that dynamically reflects the likelihood that the value
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results in a good schedule overall. We have identified requirements and desiderata to guide the
construction of such probabilities. These requirements and desiderata have been motivated by a
double objective:
1. We want to be able to detect unsatisfiable CSPs as soon as possible (quick
pruning), and

2. we want to use the propagation results to help focus the scheduler’s attention on
the most critical decision points anu the most promising decisions at these points
(opportunistic scheduling).
We have argued that the approach presented in this paper fulfills these requirements and
desiderata.

We have described an algorithm to perform preference propagation in T/CCGs. The algorithm
deals with all thirteen of Allen’s temporal relation constraints and allows for cycles in the
corresponding TCG. The algorithm also allows for activity start time, duration, and resource
preferences and accounts for earlier resource reservations if any. We have shown that the results
of the propagation across the temporal constraints can be combined to estimate resource
contention and activity resource reliance. 'We have also analyzed the computational
requirements of our approach.

The importance of this research lies in its atterapt to give a more formal characterization of the
problem space, in which we carry the search for a schedule. Given the underlying uncertainty of
any search problem, a probabilistic characterization is a very attractive one. In this paper, we
have presented a model that uses Bayesian probabilities to account for preference interactions in
T/CCGs. The problem space is finally characterized by a set of textures that are used to guide the
search process.
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Appendix1: A Posteriori Start Time and Duration Distributions

In this appendix we summarize the essential formulas developed in subsections 4.2 and 4.3 and
complete them to allow for all 13 of Allen’s temporal relation constraints. The notations are the
ones defined in subsection 4.1.

0.1 Acyclic TCG with fixed-duration activities
We found in subsection 4.2 that:

P(sty=1&C, &C,&...&C )= 0p(st, =) xP(C, &C, & ... &C, |st,=1) 17
with:
Po
P(C;&Cr&...&C, |sty=0)= T P(C?&S|sty=1) (18)

i=1

C? may be any of Allen’s thirteen temporal relation constraints:

0.1.1 C: I, MEETS I
P& S5ty =1) =P(st) =t + duy & S°)
=028 =t + dug) P(S° |5 = 1 + duy) (19)

0.1.2C{: I, MET-BY I
P& S sty=1) =P(st) =1~ du? & S7)

=0l =t — dud) P(S?|s8) = 1 — dud) (20)
0.1.3C): I, BEFORE I}
P(CP&S?sty=1) = r PG =1&S%)dr
{+ duo
=7 s =0PSL|s’ =1yt Q1)
'+ duo

0.1.4 C): I, AFTER I

0
PC&Ssty =0 = [P =18 Dy

—o0

0
= _[ e ol(st) = P(S?|s° = 1) dn (22)
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0.1.5 C{: I, DURING I’

P& S sty =1) = a(duy <du®) ' Pl =& %) de
!+ dug - du;

= a(duy < du) [ 0% = 1) P(S° s =) dr
L+ duo - dul-

0.1.6 C: I, CONTAINS I’
0
+ - du.
P(CY&S?1sty=1) = aldug>did) [ “0"%ip(s = 1& S dt
t

+ duo - du(-)

= a(duy > du?) j' {652 = 1) P(S°)s0=T) dr
{

0.1.7 C}: I, STARTS I
P(C{ &S] \sty=1) = a(duy < dul) P(s® = 1 &%)

= oduy < du?) o%(s® = 1) P(S° |50 =1)
0 i i i i i

0.1.8 C;: I, STARTED-BY I
P(CI&S]\sty=1) = olduy > di) P(st® = 1& SY)

= oduy > du)) o7(st? = 1) P(S?|s0=1)

0.1.9 C}: 1, FINISHES I
P(C} &S] |5ty =1) = oduy < dul) P(st? = t + dug — du’ & S°)
=0U(duy < diy) 03(st; =t+dug~dud) (Y| = 1 + duy — du®)

0.1.10 C;: I, FINISHED-BY I'
P(C}& ] sty=1) = oduy > dul) P(st? = t + dug — du® & §%)
=a(duty > di) (st =t+duy-dud) P(S°| s = 1 + duy - dud)

0.1.11 C: I, OVERLAPS I’

+ du
P(CY& S5ty =1) = J’; “‘" d d“O)P(stf’:t&S?)dt
axih b+ dug - du;

!+ du
= J 0 0 9068 =) PSP |s0=1) dn
Max{!,!+du0—du‘)

50

(23)

(24)

(25)

(26)

@7)

(28)

(29)




0.1.12 C{: I, OVERLAPPED-BY I}
J)

Min (1,1 + dup — du
T (s = 1 & S v

P(C°& S°|sty = 1) =J' .

l—du'-

0
Min (1,1 + dugy — du;
[t M = v PSS =y et >

l—du'-

0.1.13 C: I, EQUALS I}
P(CY& 80|51y = 1) = adug=du) P(s0=1 & S?)
= (duy=du) o2(s87=1) P(S} | st)=1) (31)

0.2 Acyclic TCG with variable-duration activities
We found in subsection 4.3 that:

P(sty=1&duy=d&C,&C,&...&C )= o(sty = 1) xdy(duy=d) x
P(C,&C,&...&C, |sty=t&du,=d) (32)

with:

Py
P(C,&Cy&... &C, |sty=1&duy=d)= [ P(C]&S}1sty=t& duy=d) (33)

i=1
C? may be any of Allen’s thirteen temporal relation constraints:
0.2.1CY: I, MEETS I
P& S sty = 1& dug=d) = P(st?=t+d & SY)
= j “80(du’=8) %50 =1+d) P(S?| 50 =1 + d &ddu¥ = ) d5
0

= jo“s?(du?=5)ds j Bi(r=t+d) 6(s%=1) P(S° | s0=1 & du? =B) dt (34)

The first equality is the most useful one. However equation (34) is useful for the treatment of
TCGs with cycles (see subsection 4.4). The same remark applies to the other equations involving
B distributions.

0.2.2C): I, MET-BY I
P(C°& 80|51y = 1 & duy=d)
= j "8(du’=8) 62(st0 =1~ 8) P(S?| 50 =1~ 8 &du°=8) db
0
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02.3C):

0.2.4 C}:

0.2.5 C;

0.2.6 C:

0.2.7 C:

0.2.8 C/:

= [ 8}(dul=8) b | "B (t=1-8) 02(s8%=1) P(S?) st%=1 & du® =8) dt
0 —oo

I, BEFORE I

P(CY & 0|51, = 1 & duy=d)

= [ "8} =8)dd |7 ofsd=0P(SIst=1&dul=8)ar
0 t+d

I, AFTER I

P(CY& 8|51, = 1 & duy=d)

= [ 8}(dul=8)dd | 050 =1) P(° st =1 & di = B) e
0 —o0

I, DURING I?

P(C)& S0151y = t & duy=d)

= ["8au=8)as
d

C oXAsP=) PO s0=1& du’=8) dr
8

t+d-

I, CONTAINS I

P(C& 8?5ty = 1 & duy=d)

=8 =8)a5 [ s =n PS5 =t & il =8)dn
0 1

I, STARTS I

P(C)& S5ty = t& duy=d)

= J' "8%(dul = 8) 6Xs¥=1) (0| 0= 1 & du? = 8) I
d

= [ 8}(du)=8)dd | "B =r) 0% =) P(S°| 0 =t & du®=B) it
d —oo

I, STARTED-BY I/

P(C)& 80|51y = 1 & duy=d)

= J' d8?(du?=8) o(st)=0) P(S?|st* =t & du’ = 8) db
0
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(36)

(37

(38)

(39)
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= “8%(du=5)d5 [ 7B ol =0 (L s =t &l =B)
0 ..

0.2.9 C}: I, FINISHES I
P(CP& S0 sty = t & duy=d)
=J’"8?(du?=8) o (s0=t+d—8) P(*|s’ =t +d~8& du? = §)dd
d

j“ﬁf.’(du? =3) dSJ' Bl (t=r+d-8) 0¥(s:7=1) P(S° | s0=1&dul=8) dt
d —

0.2.10 C’: I, FINISHED-BY I
P(C° & S5ty = 1 & duy=d)
= j:s?(duj?:a) oUsP=1+d—8) P(S¥| 5=t +d—5& dud=5) db

J:S?(du? =8)d8[ " B(x=1+d-8) o{(s1)=r) P(SIsK=c&edu(=5) d

0.2.11 C: I, OVERLAPS I
P& S| st, = t & duy=d)
= jo"s?(du?=8)da

+d
' o¥%s0=1) P(S0|s0 =1 & du’ =) dt
Max(14+d-5)

= [ "8 aul=8)a8[ " olst=0)P(S |5 =T & dul =B dt
o +d-d

+

| :8?(du?=8)d8 | 6050 =t P(S°) 50 = T & du = §) dt

0.2.12 C: I, OVERLAPPED-BY I
P(C°& S|ty = t& duy=d)

IMin( t4+d-8) 0

= J'O"S?(du?=6)ds . (s =1) P(°)s0 =1 & du’ =8) d
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(42)

(43)

(44)




= [ 80 (aul=8)a [ '_80?(3:? =) P(0)s=T & di = §) dv
0 t
+

[ siaut=0yas ‘:_ao?(st? =) PO s =T & duP=8) d (45)
¢

0.2.13 C: I, EQUALS I?
P(C) & S5ty = t & duy=d)
=8)(du)=d) o)(s10=1) P(S°|s0=t & du’=d)

= j 0'5?(duf.’=8)d8 J' T BAS=d,1=0)02(s*=0)P(S°| 5=t & duP=B)dr (46)
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Appendix2: Activity Individual Demand Densities

0.1 Notations

In this appendix we assume that a posteriori start time densities have already been computed as
described in section 4. We assume that none of these densities is uniformly zero, otherwise this
would indicate unsatisfiability of the current CSP and the incremental scheduler would have to
backtrack. As already mentioned earlier, a posteriori start time densities can then be normalized
to express the fact that each activity will occur once (i.e. each activity will start exactly once).
These normalized a posteriori densities will be denoted:

¢ fixed-duration activities: P\(st=t&C, &...&C,)
e variable-duration activities: P\(st=t&du=d&C&...&C,)

Pr, Rus) will denote the a priori probability that A, uses Ry; to fulfill its resource requirement
Ry Dy(t) will denote A,’s individual demand for R,; as a function of t. This is the probability
that A, uses Ry; at time t to fulfill its resource requirement R,;. The computations are performed
assuming an incremental scheduler whose earlier resource reservations are non-preemptible.
Therefore the demand density has to be reshaped so that it does not overlap with earlier
reservations. We propose a method for doing so, which involves two steps.

Finally we will be using the predicate AVAIL(R,;.t,t+du,) which returns true if and only if
resource R, is available at all time between ¢t and t+du,. This is a precondition for scheduling
activity A, to start at time ¢, if A, is to use resource R,

0.2 Resource Demand Densities Produced by Fixed-Duration Activities

The probability that activity Ay uses Ry, at time ¢ to fulfill its resource requirement Ry; is
given by the a priori probability that Ay uses Rkij to fulfill Ry; multiplied by the conditional
probability that A, is active at time ¢ given that it uses Rkij to fulfill Ry;. It turns out that this
latter conditional probability may be uniformly zero for some resources Ry;: due to earlier
reservations. This can be accounted for by refining the a priori probabilities kai(Rkij)- D,V is

therefore computed in two steps:
1. In the first step we compute:

e ]
D) =pg, (Ry;) L“kp,v(s:,,ﬂ&c,&...&c,,,mfkw) dt

where Pp(st,=t&C &...&C IR, =R,.) is the probability that st,=t and that the
temporal relation constraints C,,...,dm are satisfied given the activities’ a priori start
time distributions and given that R,;. is the resource used to fulfill requirement R,;.
This probability can be approximated by computing I,’s a posteriori start time
distribution starting from an a priori start time distribution that accounts for R’
reservations. We do so by replacing o,(st,=t) with 0,(st,=) X x[AVAIL(R,.t,t+du,)]
in the computation of P(st;=t&C,&...&C,). In other words:

Py(st,=1&C\&..&C, |R=R;)=xP(st,=1&C,&..&C,)
Q[AVAIL(R T, T+d,))
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where K is a normalization factor24.

2. In the second step the a priori probabilities pRu(R,u.j) are refined to account for the
resource reservations. The refined probabilities are denoted p;‘%(Ruj). Indeed, due
ki

to earlier reservations, some resources R,. have a posteriori probabilities
P\(st;=1t&C &..&C IR, =R,,) that are uniformly zero. A,’s individual demand for
these resources is therefore uniformly zero as well. Hence one can use the new
probabilities:

pUP2AR )= { 0 if P \(st,=t&C &..&C IR, =R,, ) is uniformly 0
R =% Kifr,, (R,;) otherwise

where K, is a normalization factor. Notice that, for each R,;, because of the
consistency checking performed after the computation of the a posteriori start time
distributions, we are guaranteed at this point to have at least one resource R,; such

that Py(st,=1&C, &...&C,| R,=R ;) is not uniformly zero. One can then compute:

sl¢p2 )= p”‘Pz( Rlu'j) J‘:-d Py(st,=1&C,&..&C IR, =R kij) dt
Uy

In practice it is not necessary.to compute D“"pl(t) one can just compute Pp(st,=t&C,&...&C, |
R,=R,;) and check if it is uniformly zero or not.

Finally, notice that the total demand is given by:

| "D Hwde
=Py XR) [ T[] Prlst=b&C\ & & C R=Ry;)
=piR,) f*“PN(stk_g&c 8..&C IRy =Ry, dE [t (using Fubini)
:upz( R,;)xdu, (since Py is normalized)

and hence for each R,; required by A, :

Y [ Dpradn=du,
=]

which simply expresses that an activity A,’s total demand for a resource R, is equal to its
duration du,. This duration has simply been distributed over time and over several resources
(Ry;) to account for the different possible schedules of the activity.

24 Again this normalization simply expresscs that the activity will occur exactly once.
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0.3 Resource Demand Densities Produced by Variable-Duration Activities
The computations in the case of variable-duration activities are very similar to the ones for
fixed-duration activities:
1. In the first step one computes the distributions
P\(st=t&du,=e&C &..&C IR, =R,;)=xP(st;=1&du,=e&C, &...&C,)
a[AVAIL(Rh-j,t,ﬂe)]
where x is a normalization factor.

2. The probabilities pRH(R,dj) are refined in the same way as for fixed-duration
activities. One can then compute:

D70 =P Ry;) j:de J" Py(st,=t8du=e8&C,8..&C,JR=R,;) dt
€

Lastly, using Fubini’s theorem, one can check that:

J':DZ;." 2(t,)dt,
=P HRy;) ["d, [ "de L?- Prst=t8du=e&C,.. &C R =Ry,
=R [ a2 Pyst et &C R =Ry

=P PRy [ ~de[ e Pylsty=t,&du~e&C,..&C IR,=R,;)dT,
Hence, for each R, required by A,, A;’s total demand is:

5= -

which is A,’s expected duration given the joint start time and duration probability density
Zj p::‘Pz(qu)P N(s 1 k=12&du k=€&C1 . ‘&CM'R th bj)‘
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CHAPTER 3: Activity-Based Scheduling

3.1 Introduction

We are concerned with the issue of how to opportunistically focus an incremental job shop
scheduler’s attention on the most critical decision points (variable ordering heuristics) and the
most promising decisions at these points (value ordering heuristics) in order to reduce search and

improve the quality of the resulting schedule.

So called order-based and resource-based scheduling techniques have been at the origin of
several incremental scheduling algorithms. In an order-based approach, each order is considered
a single decision point, i.e. orders are prioritized and scheduled one by one. In a resource-based
approach, resources are rated according to their projected levels of demand. Resources are then
scheduled one by one, starting with the ones that have the highest demand. Order-based
scheduling has proven to be a viable paradigm in problems where slack (i.e. temporal precedence
interactions) is the dominating factor. On the other hand resource-based scheduling is likely to
perform better in situations where resource contention (i.e. resource requirement interactions) is
critical. Neither approach is perfect. Indeed a lot of real life scheduling problems contain a mix
of critical orders and critical resources. In the past few years it has become clear that in order to
perform well in a wider class of problems, schedulers need the ability to opportunistically switch
from one approach to the other. The OPIS [Smith 85, Ow86, Smith86a] scheduler was the first
scheduler to combine both approaches. OPIS uses demand thresholds to identify bottleneck
resources. Typically, when a bottleneck resource is detected, all activities requiring that resource
and that have not yet been scheduled will be scheduled. When all bottleneck resources have
been scheduled, OPIS switches to order-based scheduling. While in order scheduling mode,
OPIS may detect the appearance of new bottleneck resources and switch back to its resource
scheduling mode. Even such an approach has its shortcomings as the criticalities of the activities
requiring a bottleneck resource or belonging to a critical order are not homogeneous, i.e. some of
these activities may not be that critical. This consideration lead us to the investigation of a new
scheduling framework where the decision points are no longer entire resources or entire orders
but instead where each activity is a decision point in its own right. Within this framework
activity criticality is no longer determined via a sole bottleneck resource or via the sole order to
which it belongs. Instead measures of activity criticality account for both temporal precedence
interactions (i.e., so-called intra-order interactions (Smith 85]) and resource requirement
interactions (i.e., so-called inter-order interactions). By simultaneously accounting for both types
of interactions the approach is expected to opportunistically combine advantages of both order-
based and resource-based scheduling techniques.

In this chapter, we study one variable-ordering heuristic and three value-ordering heuristics for
activity-based scheduling. A preliminary set of 38 scheduling problems was used to compare the
performance of these heuristics. The experiments clearly indicate that the variable-ordering
heuristic significantly reduces search. The comparison of the value-ordering heuristics when
combined with the variable ordering heuristic suggests that a least constraining value ordering
heuristic is not the only viable approach to maintain the amount of search at an acceptable level.
Indeed some other heuristics produced much better schedules without significantly increasing

search.
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In the next section we describe our model of the job-shop scheduling problem. The following
section gives an overview of the activity-based approach to scheduling that we are investigating,
and introduces a probabilistic model to account for both intra-order and inter-order interactions.
Section 4 presents a variable-ordering heuristic based on this probabilistic model. In section 5
we present three value-ordering heuristics: a least constraining heuristic, a hill-climbing
heuristic, and an intermediate heuristic where values are rated according to the probability that
they will remain available and that no better values will remain available. Preliminary
experimental results are reported in section 6. Section 7 discusses these results. Section 8
contains some concluding remarks.

3.2 The Model

Formally, we will say that we have a set of N jobs (i.e. orders) to schedule. Each job has a
predefined process plan that specifies a partial ordering among the activites (i.e. operations) to
be scheduled. Each activity A, (1 <k <n) may require one or several resources Ry; (1 <i<p;),

for each of which there may be several alternatives R,a-j (1<j qui)zs. We will use s1;, ef;, and
du, to respectively denote A, ’s start time, end time, and duration.

We view the scheduling problem as a constraint satisfaction problem (CSP).

The variables of the problem are the activity start times, the resources allocated to each
activity, and possibly the durations of some activities. An activity’s end time is defined as the
sum of its start time and duration. Each variable has a bounded (finite or infinite) set of
admissible values. For instance, the start time of an activity is always restricted at one end by
the order release date and at the other end by the order latest acceptable completion time20
according to the durations of the activities that precede/follow the activity in the process plan.

We differentiate between two classes of constraints: activity precedence constraints and
resource capacity constraints. The activity precedence constraints arc the ones defined by the
process plans. Our model [Sadeh88] accounts for all 13 of Allen’s temporal constraints [Allen
84]. Capacity constraints restrict the number of reservations of a resource over any time interval
to the capacity of that resource. For the sake of simplicity, we will assume in this paper that all
resources are of unary capacity.

Additionally our model allows for preferences on activity start times and durations as well as
on the resources that activities can use. Preferences are modeled with utility functions. These
functions map each variable’s possible values onto utilities ranging between 0 and 1. Preferences
on activity start times and durations allow for the representation of organizational goals such as
reducing order tardiness, or reducing work-in-process (WIP) [Fo- %3b, Sadeh88]. Resource
preferences are very useful to differentiate between functionall: juivalent resources with
different characteristics (e.g. difference in accuracy). In this paper v . will assume that the sum
of the utility functions defines a (separable) objective function to be maximized.

1t is important to keep in mind that several activities may require the same resource. For instance if two
activities A, and A, both require a unique resource which has to be R, we have R, =R,,, =R,.

6This is not necessarily the order's due date.
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3.3 The Approach

3.3.1 An Activity-based Scheduler

In an activity-based approach, each activity is treated as an aggregate variable, or decision
point, that comprises the activity’s start time, its resources, and possibly its duration. The
schedule is built incrementally by iteratively selecting an activity to be scheduled and a
reservation for that activity (i.e. start time, resources and possibly duration). Every time a new
activity is scheduled, new constraints are added to the initial scheduling problem, and
propagated. If an inconsistency is detected during propagation, the system backtracks. The
process stops either when all activities have been successfully scheduled or when all possible
alternatives have been tried without success.

The efficiency of such an incremental approach critically relies on the order in which activities
are scheduled and on the order in which possible reservations are tried for each activity. Indeed,
because job-shop scheduling is NP-hard, search for a schedule may require exponential time in
the worst case. Both empirical and analytical studies of constraint satisfaction problems reported
in [Haralick 80, Freuder 82b, Purdom 83, Nadel 86b, Nadel 86c, Nadel 86d, Stone 86] indicate
however that, on the average, search can significantly be reduced if always focused on the most
critical decision points and the most promising decisions at these points. Such techniques are
often referred to [Dechter 88] as variable and value ordering heuristics.

In this paper we assume that critical activities are the ones whose good (overall) reservations
are most likely to become unavailable if one were to start scheduling other activities first. In
general reservations may become unavailable because of operation precedence constraints,
because of resource capacity constraints, or because of combinations of both types of constraints.
Clearly criticality measures are probabilistic in nature, as their computations require probabilistic
assumptions on the values that will be assigned later on to each variable (i.e. the reservations that
will later on be assigned to each unscheduled activity). In the next subsection we introduce a
probabilistic framework that accounts for the interactions of start time, duration and resource
preferences induced by both activity precedence and resource capacity constraints. We will use
this model throughout the remainder of the paper to define several variable and value ordering
heuristics for activity-based scheduling.

3.3.2 A Probabilistic Framework to Account for Constraint Interactions

In this subsection we outline?’ a probabilistic model that we will use throughout the remainder
of the paper to define several variable and value ordering heuristics for activity-based job-shop
scheduling. We justify the model by its ability to account for both intra-order and inter-order
interactions and by its relatively low computational requirements. For the sake of simplicity, the
formulas presented in this paper assume fixed duration activities. Similar formulas can be
deduced when dealing with variable duration activities.

In our model a priori probability distributions are assumed for the possible start times and
resources of each unscheduled activity. These probabilities are then refined to account for the

27 A more detailed description can be found in [Sadch88).

60




interactions induced by the problem constraints (i.e. both intra-order and inter-order
interactions). Finally the results of this propagation process are combined to identify critical
activities and promising reservations for these activities. In their simplest form the a priori
probability distributions are uniform. This amounts to assuming that, a priori, all possible
reservations are equally probable. A slightly more sophisticated model consists in biasing the a
priori distributions towards good values as defined by the utility functions [Sadeh88]. Such
biased distributions are expected to account better for value ordering heuristics that give more
attention to higher utility values.

Once the a priori distributions have been built, they can be refined to account for the
interactions of the problem constraints. In our model, the propagation is performed in two steps.
The probability distributions are first propagated within each order, thereby accounting for intra-
order interactions, and then across orders to account for inter-order interactions. Accounting
simultaneously for both types of interactions seem indeed very difficult as much from a
theoretical point of view as from a purely computational point of view. As a matter of fact the
number of ways in which a set of activities can interact is combinatorial in the number of these
activities28. Instead, by separately accounting for intra-order and inter-order interactions, one
greatly reduces the amount of computation to be performed. The propagation results can always
be further refined by iterating the propagation an arbitrary number of times.

Concretely, once the a priori distributions have been generated, our propagation process
involves the following two steps:
1.

a. The a priori start time probability distributions are refined to account for
activity precedence constraints. The resulting (a posteriori) probability
distributions associate to the possible start times of each activity the
probability that these start times will be tried by the scheduler and will not
result in the violation of an activity precedence constraint. These a
posteriori start time distributions can be normalized to express that each
activity will occur exactly once, and hence will start exactly once.

b. For each resource requirement Ry; of each activity A;, and for each resource
alternative Ry;; to fulfill Ry;, we compute the probabilistic demand Dy; of
A, for Ry;; as a function of time. This probability is obtained using A;’s
normalized a posteriori start time distribution and the a priori probability
that Ay uses R,a-j to fulfill its requirement R,;. Hence Dkij(t) represents the
probabilistic contribution of A, to the demand for Rkij at time t, if activity

reservations were only checked for consistency with respect to the activity
precedence constraints. Later on we will refer to Dkij(t) as A;’s

(probabilistic) individual demand for R kij at time .

2.Finally the individual demand densities of all activities are aggregated (i.c.
summed at each point in time) to reflect the probabilistic demand for each resource

Z8[n any realistic problem, Monte Carlo simulation would indeed require tremendous amounts of computations if
onc were o simultancously account for all the activities and all the constraints. This is because the probability of
randomly generating a schedule for all the activitics, that satisfy all activity precedence and resource capacity
constraints, is in gencral extremely small,
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in function of time. The resulting aggregate demand densities may get larger than
one over some intervals of time, as the individual demand densities from which
they originate have not been checked for consistency with respect to the capacity
constraints. High demand for a resource over some time interval indicates a critical
resource/time interval pair, which requires prompt attention from the scheduler.
This is the basis to the variable-ordering heuristic presented in this paper.

More precise probabilities may be obtained by iterating the propagation process. One way to
do so consists in computing for each possible activity reservation the probability that this
reservation will be available and that no better reservation will be available. The availability
probability of a reservation can be approximated by the probability that the reservation does not
violate any activity precedence constraint or capacity constraint (see section 5 for details). These
probabilities can then be combined into new a priori start time and resource probability
distributions, and the propagation process can be carried out all over again. The experimental
results that we report in this paper have all been obtained without iterating the propagation
process. We are planning to perform similar experiments with probability distributions obtained
after iterating the propagation a variable number of times.

Notations
{n the remainder of the paper the following notations will be used:

o PPRIOR(5¢ =r) will denote the a priori probability that A, will be scheduled to start at
time ¢,

o PP OST(stk=t) will be the a posteriori probability that A, starts at time ¢, i.e. after
accounting for activity precedence constraints,

. PZO‘W(stk=t) represents the same probability distribution after it has been normalized
to express that A, will start exactly once,

® Dy;(1) represents A;’s individual demand for R;; at time 1, and

. D;’éf’(z) will denote the aggregate demand for R ij at ime 1.

3.4 ARR: A Variable Ordering Heuristic Based on Activity Resource Reliance

ARR, the variable ordering heuristic that we study in this paper, consists in looking for the
resource/time interval pair that is the most contended for and the activity that relies most on the
possession of that resource over that time interval. This activity is selected as the most critical
one and hence is the next one to be scheduled.

The intuition behind this heuristic is the following. If activities that critically rely on the
possession of highly contended resources were not scheduled first, it is very likely that, by the
time the scheduler would turn its attention to them, the reservations that are the most appropriate
for these activities would no longer be available.

The aggregate demand densities introduced in subsection 3.2 are used to identify the most
demanded resource/time-interval pair. The activity that contributes most to the demand for the
resource over the time interval (i.e. the activity with the largest individual demand for the
resource over the time interval) is interpreted as the one that relies most on the possession of that
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resource. Indeed the total demand of an activity A, for one of its resource requirement R; is
equal to A, ’s duration and is distributed over the different alternatives, Rkijv for that resource, and
over the different possible times when A, can be carried out. Consequently activities with a lot of
slack or several resource alternatives tend to have fairly small individual demand densities at any
moment in time. They rely less on the possession of a resource at any moment in time than
activities with less slack and/or fewer resource alternatives. This allows ARR to account not
only for inter-order interactions but also for intra-order interactions.

The advantage of this approach lies in its relative simplicity: look for the most critical
resource/time-interval pair and select the activity that relies most on it. One may however
contend that this heuristic does not consider slack as an independent component to activity
criticality. Instead slack is only accounted for via resource contention. Another possible problem
with this heuristic is that it only considers resource reliance with respect to the most contended
resource. In general an activity A, may require several resources Ry;. Rigorously A, ’s criticality
should therefore account for each of these resources. It should account for the contention for
each of the possible alternatives R,a-j for these resources Ry;, and the reliance of A, on the
possession of each of these alternatives Rkij- Computation of such a criticality measure is likely
however to be more expensive.

3.5 Three Value Ordering Heuristics
In the experiments that we ran, we considered the following three value-ordering heuristics:

3.5.1 LCV: A Least Constraining Value Ordering Heuristic

Least constraining value ordering heuristics are known for being very good at reducing search
[Haralick 80, Dechter 88]. Similar heuristics have also been proposed for scheduling, even when
viewed as an optimization problem. [Keng88], for instance, suggests the use of a least
constraining value ordering heuristic as a primary criterion for selecting a reservation for an
activity. The quality of the reservations is only used as a secondary criterion when there are
several least constraining reservations to choose from. A similar heuristic is also outlined in
[Muscettola 87]. The extremely small number of feasible solutions to a scheduling problem
compared to the total number of schedules that one can possibly generate is what has made least
constraining value ordering heuristics so attractive.

LCV is a least constraining value ordering heuristic where every reservation {{sy,=t, Ry X

Rk?fz""’ Rkpkjkpk})’ for an actvity A, is rated according to the probability
RESERV—AVAIL(stk=t,Rk1j’,...,Rkpkj) that it would not conflict with another activity’s
[N

reservation, if one were to first schedule all the other remaining activities. The reservation with
the largest such probability is interpreted as the least constraining one.

In our model, we express RESERV—-AVA]L(stk=t,Rkljl,...,Rkpkj ) as the product of the
Py

probability that sz,=t will not result in the violation of an activity precedence constraint and the
conditional probability that each resource Ry, f]'Rkaz’"" Rkp Vo, will be available between r and

t+duy, given that st;=t does not result in the violation of an activity precedence constraint :
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RESERV-AVAIL(st=t, Ry Ry )
(]

pPOSf(Stkzt)

Ry € [Ruj,'""Rb,j )

where RESOURCE—AVAIL(R,a »1,t+du;) is the conditional probability that R, w1ll be available
between t and t+du,, given that st;=t does not result in the violation of an acuvuy precedence
constraint.

We will approxlmate the (conditional) probability that R,a] will be available at some time t for

2 When approximating RESOURCE-AVAIL(R g1, t+du), one has to be
DR (t)
careful not to come up with too pessimistic an estimate. Indeed it is tempting to assume that the
(condmonal) probablhty that R,aj will be available for A, between ¢ and t+dy, is given by the

activity A, with

product of over all possible start times T between 7 and t+du;. Depending on whether time

Dy’ "(r)
is discrete or not, this product would be finite or infinite. In either case the approximation would
be too pessimistic. Indeed this would be tantamount to supposing that the activities that
contribute to D”“’(t) have infinitely small durations, i.e. that these activities can possibly require
R i at time T w1tf10ut requiring it at Tt or 1+81. Instead, in order to account for the duration of
thesc activities, we will assume that each resource R,;; is subdivided into a sequence of buckets
of duration AVG(du), where AVG(du) is the average duration of the activities competing for sz]
Consequently RESOURCE—AVAIL(R,Q » 1, t+duy) is given by the probability that A, can secure a
number of buckets equal to its duranon ie.:
du,

D7)
RESOURCE-AVAIL(R,; ij b t+duy) = {AVG(—— ) JAVGda)
Daggr(.t)

where AVG( ) is simply the average of g:’ taken between f and r+du;.
"0 D )

Rh'i kij

3.5.2 HC: A Hill-Climbing Value Ordering Heuristic

The second value ordering heuristic that we tested simply consists in ranking an activity’s
possible reservations according to their utilities, i.e. preferences. Reservations with the highest
preferences are the first ones to be tried.

3.5.3 INT: An Intermediate Value Ordering Heuristic

Our third value ordering heuristic combines features from the previous two. Each reservation
is rated according to the probability that it would be available and that no better reservation
would be available, if one were to first schedule all the other remaining activities.
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3.6 Preliminary Experimental Results

A testbed was implemented that allows for experimentation with a variety of variable and
value ordering heuristics based on the probabilistic framework described in subsection 3.2. The
system is implemented in Knowledge Craft running on top of Common Lisp, and can be run
either on a MICROVAX 3200 or on a VAX 8800 under VMS.

We performed some preliminary experiments to evaluate the four heuristics presented in this
paper. These experiments were run on a set of 38 scheduling problems, involving between 3 and
5 orders and a total number of activities ranging between 10 and 20. The problems involved 3 or
4 resources. They involved only activities with a unique resource requirement (R;;), for which
there was one or several alternatives (R, j)' Problems with both equally preferred and non
equally preferred resource alternatives were included. The scheduling problems were built to
reflect a variety of demand profiles: localized bottlenecks at the beginning, middle, and end of
the problem span, global bottlenecks spanning the whole duration of the scheduling problems,
and auxiliary bottlenecks were all included. Three different types of start ime utility functions
were allowed: all start times (between the earliest and latest start times) are equally preferred ,
late start times are preferred, and triangular start utility functions with a peak corresponding to
the due date (minus the duration of the activity). Triangular utility functions were only assigned
to the last activities of some orders. Time was discretized and a granularity equal to the third of
the smallest activity duration was used. A discrete version of the formulas presented in this paper
was used to compute the necessary probability distributions. The probabilities were computed
using biased a priori probability distributions obtained by normalizing the utility functions over
the domain of possible values of each variable. The granularity of the time intervals used for the
ARR variable ordering heuristic varied from one resource to the other and was selected to be
equal to the duration of the shortest activity requiring the resource.

Preliminary Experimental Results
RAND RAND ARR ARR ARR
&HC &LCV &HC &LCV &INT
Search <0.47 1.00 0.96 1.00 1.00
Efficiency | (> 0.27) (0.00) (0.05) (0.00) (0.00)
Schedule | not 0.52 0.68 0.54 0.64
Value available | (0.08) (0.06) (0.06) (0.05)

Figure 3-1: Average search efficiencies and schedule values for S combinations
of variable and value ordering heuristics run on a preliminary set of
38 scheduling problems. The standard deviations appear between parentheses.

The experiments were measured along two dimensions: scarch efficiency (i.e. number of
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operations to schedule over number of search states generated) and global utility of the solution
as defined by a normalized objective function. The normalized objective functions were built so
that the best possible schedules that could be built without checking for constraint violation
would have a global value of 1. There was no guarantee however that a feasible schedule with
global value of 1 could be built. In the ideal case the search would be performed without
backtracking, and the number of search states generated would be equal to the number of
activities to schedule (i.e. efficiency of 1). The quality of the schedules is more difficult to assert
as the value of the objective function for the optimal schedule varied from one problem to the
other and was in most cases smaller than 1. For this reason the values of the schedules should
not be viewed as absolute measures. Instead they should only be used to compare the relative
performances of the combinations of heuristics that we tried.

The table in Figure 3-1 reports the average search efficiencies and schedule values obtained
with five combinations of variable and value ordering heuristics (for a total of 190 experiments).
Standard deviations are provided between parentheses. RAND denotes a random variable
ordering heuristic, where the next activity to be scheduled is selected at random from the
remaining unscheduled activities. Search was stopped when it would require more than 50 search
states. For RAND&HC, this cutoff rule had to be used in 12 of the 38 experiments. It did not
have to be used for any of the other heuristics. The average search efficiency of RAND&HC is
therefore even worse than 0.47. Because search did not terminate in almost a third of the runs
with RAND&HC, no good estimate of the value of the schedules produced by this heuristic
could be obtained.

3.7 Discussion

The results reported in Figure 3-1 clearly indicate the importance of a good variable ordering
heuristic to increase search efficiency (e.g. ARR&HC vs. RAND&HC). They also indicate that a
least constraining value ordering heuristic can make up for a poor variable ordering heuristic
(e.g. RAND&HC vs. RAND&LCV and RAND&LCYV vs."ARR&LCYV). In the examples that we
ran the ARR variable ordering heuristic and the LCV value ordering heuristics both contributed
to limit search. The quality of the schedules produced by LCV is however very poor when
compared to the other two value ordering heuristics (ARR&HC or ARR&INT vs. ARR&LCV).
In particular ARR&INT performed as well as ARR&LCYV as far as the efficiency of the search is
concerned (neither of them had to backtrack in any of the 38 examples) but produced much
better schedules. Even a simple value ordering heuristic like HC resulted in very little amount of
backtracking when coupled with our variable ordering heuristic (see ARR&HC). Overall HC
produced the best schedules although it required more search than INT and LCV, when coupled
with ARR. There seem therefore to be a tradeoff between the amount of search performed and
the quality of the resulting solution. If little time is available to come up with a solution the most
promising values may be the least constraining ones as they are the least likely to result in
backtracking. On the other hand, when there is more time available, one may consider looking at
riskier values if they are likely to produce better solutions. A value ordering heuristic could
accordingly be designed that accounts for the time available to find a schedule.
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3.8 Concluding Remarks ‘

In this chapter, an activity-based approach to scheduling has been investigated. Because of its
greater flexibility, such an approach is expected to allow for the construction of better schedules
than approaches using order-based or resource-based scheduling or even combinations of the
two. The price to pay for this flexibility is the potential overhead involved in the selection of the
next decision point on which to focus attention. While order-based and resource-based
scheduling typically require only the computation of criticality measures for each order or
resource in the system, an activity-based scheduling approach may potentially require the
computation of similar measures for each of the activities to be scheduled. In the simplest
scenario, these measures need moreover to be recomputed every time a new activity has been
scheduled. It is therefore important that the computation of these measures can be performed at a
relatively cheap computational cost. One may also consider scenarios where several activities are
scheduled before new criticality measures are computed.

We have presented a probabilistic framework that successively accounts for both intra-order
and inter-order interactions. Although such a two step propagation involves a slight loss of
precision in the way it accounts for interactions, it has the advantage of having a relatively low
computational cost {Sadeh88). More accurate probability distributions may always be obtained
by iterating the propagation process. Our probabilistic framework allows for the definition of a
variety of variable and value ordering heuristics. In this paper, we have studied a simple
variable-ordering heuristic, ARR, that looks for the most contended resource/time interval pair
and the activity that relies the most on the possession of that resource/time interval pair.
Preliminary experiments with the heuristic indicate that it greatly contributes to increasing search
efficiency. Additionally our experiments with three value ordering heuristics seem to indicate
that least constraining value odering heuristics such as the one advocated in [Keng88] may not
be the only viable way to maintain search at an acceptable level. Instead, in our experiments,
other value ordering heuristics , when coupled with our variable ordering heuristic, produced
much better schedules without significantly increasing search.

Our variable ordering heuristic is not perfect. For instance it measures activity criticality only
with respect to one resource (the most contended resource/time interval pair). While the heuristic
performed well in problems where each activity requires only one resource (for which there may
or may not be alternatives), it may not be as effective for activities requiring several resources.
We are currently looking at other variable ordering and value ordering heuristics. We are also
pursuing our experiments with the heuristics presented in this paper. In particular we still have to
study the behavior of these heuristics on larger scheduling problems (i.e. more than 100
activities).

Our long term interest is in the identification of a set of (texture) measures characterizing the
search space, that can be used to both structure and guide search in that space. Measures of
variable criticality (variable ordering heuristics) and estimates of value goodness (value ordering
heuristics) are examples of such measures [Fox89].
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CHAPTER 4: Representation

4.1 Introduction

In this chapter we present a framework for representing knowledge needed to perform
constraint-directed reasoning with special emphasis on the domain of scheduling. In addition,
this framework serves as the foundation of the implementation-level representation that we have
adopted in the project. The representation is expressed in the CRL language (KC 86]. A
scheduler that uses the representation presented in this report is described in chapter 3.

The main conceptual primitives in our work are activities, resources, production units, states,
and constraints. These primitives provide an extensible framework that can be used to represent
the relevant aspects of particular problem solving environments where constraint-directed
reasoning is used. In addition, these primitives are represented at various levels of conceptual
abstraction depending on the granularity of knowledge. For example, an operation is a
specialization of an activity. An important component of the representational framework is the
relations that connect the primitives and their instantiations. The main types of relations are
temporal and causal. In general, we distinguish between prototype descriptions and their
instantiations [KC 86} into specific manifestations of the corresponding concepts. The concepts
presented in this section are represented in the figures as schemata. A schema encapsulates
information and has an identifying name. A schema has a set of slots that describe attributes of
the schema. Meta information can be attached to a slot, a slot value or schema. Meta information
is information about the slot, slot value, or schema and is independent of the meaning
represented by these entities. In presenting schemata, we use the following convention:
schemata are shown in boldface, slots are shown in small CAPITALS and meta-slots are shown in
italics. The range restrictions are as described in [KC 86).

4.2 Activities

Activities are the subject of scheduling decisions. The specification of activities includes the
temporal and causal relations that connect them as well as their organization as aggregate
actrivities into larger constructs. An activity is elaborated into an aggregate activity (an activity
network) whose activities are part-of the aggregate activity. For example, a milling-operation has
an elaboration milling-operation-network, which in turn has two activities, milling-setup and
milling-run. The primitive relation part-of connects the activity network to its component
activities. Thus, the elaboration-of relation separates an activity from its detailed description and
facilitates the representation of multiple elaborations of the same activity at different levels of
abstraction. Figure 4-1 depicts the pair of primitive relations elaboration-of and has-elaboration.
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{{elaboration-of
IS-A: relation
INVERSE: has-elaboration
DOMAIN: (or (type is-a state) (type is-a activity))
RANGE: (or (type is-a state) (type is-a activity))
TRANSITIVITY: (step elaboration-of t)} }

{ { has-elaboration
IS-A: relation
INVERSE: elaboration-of
DOMAIN: (or (type is-a state) (type is-a activity))
RANGE: (or (type is-a state) (type is-a activity))
TRANSITIVITY: (step has-elaboration t) } )

Figure 4-1: Relations representing elaboration of activities

In the manufacturing environment, activities are typically of two types: (a) operations
associated with the manufacturing processes to produce a part/product, and (b) supporting
activities, such as maintenance and repair. Temporal and causal relations organize operations
into production plans that indicate which operations need to succeed each other, which ones can
be executed in parallel and which resources each operation needs for its execution. The pair of
primitive relations has-next-activity and next-activity-of shown in 4-2 links an activity with its
successor(s) and predecessor(s).

{ { has-next-activity
IS-A: relation
INVERSE: next-activity-of
DOMAIN: (type is-a activity)
RANGE: (type is-a activity) }}

{ {next-activity-of
IS-A: relation
INVERSE: has-next-activity
DOMAIN: (type is-a activity)
RANGE: (type is-a activity) }}

Figure 4-2: Precedence relations between activities

Another way to aggregate operations is in terms of an order which indicates how many parts
need to be produced for the order’s fulfillment. An operation is the basic unit of action in a
scheduling environment. It defines a transformation of the world from one state to another so
that at the end a part (an order) is produced.
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Figures 4-3 and 4-4 presents an aggregate activity and a process plan which is one kind of
aggregate activity. Each aggregate activity has a type that is either a conjunctive or disjunctive
abstraction. A conjunctive abstraction indicates that the aggregate activity can be expressed as a
sequence of activities at the next lower level of the abstraction hierarchy. A disjunctive
abstraction indicates that the aggregate activity can be expressed as a set of alternative activities
at the next lower level of the abstraction hierarchy.

{{aggregate-activity
IS-A: activity
TYPE:
(Range (or "and" "or"))
ELABORATION-OF:
HAS-SUBACTIVITY: }}

Figure 4-3: Aggregate Activity

{{process-plan
IS-A: aggregate-activity } )

Figure 4-4: A Process Plan

The primitive relation has-subactivity, presented in figure 4-5, denotes the set of activities that
comprise the prototype aggregate activity. The primitive relation subactivity-of, presented in
figure 4-6, relates a subactivity back to the aggregate activity to which it belongs. These
relations are used to describe process abstractions.

{ (has-subactivity
IS-A: relation
INVERSE: subactivity-of
DOMAIN: (type is-a aggregate-activity)
RANGE: (type is-a activity)
TRANSITIVITY: (repeat (step has-subactivity t) 1 inf) }}

Figure 4-5: The relation has-subactivity
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{ {subactivity-of
IS-A: relation
INVERSE: has-subactivity
DOMAIN: (type is-a activity)
RANGE: (type is-a aggregate-activity)
TRANSITIVITY: (repeat (step subactivity-of t) 1 inf) }}

Figure 4-6: The relation subactivity-of

In order to be performed, activities require one or more resources. For example, in order to
perform a cutting operation, the required resources are a machine on whose machine head a
cutting tool can be affixed, the part on which the cutting operation is to be performed, a fixture
that immobilizes the part on the machine’s bed, and an operator to operate the machine and to
load and unload the part and fixture. The resource requirements of activities are expressed by
the primitive relations required-resource, presented in figure 4-7 and resource-for, presented in
figure 4-8. The representation of resources is described in section 4. In our model, it is assumed
that all resources required by an activity, are required for the whole duration of the activity. An
additional assumption that we make is that 100% of each resource is required for the
performance of the associated activity. This is a simplifying assumption that might not be true in
actual manufacturing environments. For example, depending on the duration of a particular
cutting operation, an operator might be able to operate (e.g., load another part, fixture it and start
an operation) another machine during the cutting operation.

{{required-resource
IS-A: relation
DOMAIN: (type is-a activity)
RANGE: (type is-a resource)
INVERSE: resource-for }}

Figure 4-7: The relation required-resource

{ { resource-for
IS-A: relation
DOMAIN: (type is-a resource)
RANGE: (type is-a activity)
INVERSE: required-resource} }

Figure 4-8: The relation resource-for
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Assembling the primitives already defined and discussed for describing manufacturing
activities, we now proceed to put together the representation of an activity, shown in figure 4-9
and its specialization of interest, an operation, shown in figure 4-10. The manufacturing unit
which is transformed by the operation is expressed through the attribute operates-on.

{{activity
IS-A: concept
HAS-TIME-INTERVAL:
ENABLED-BY:
CAUSE:
ELABORATION-OF:
HAS-ELABORATION:
HAS-SUBACTIVITY:
SUBACTIVITY-OF:
COST:
SCHEDULING-STATUS: }}

Figure 4-9: Representation of an activity

{{operation
IS-A: activity
OPERATION-NUMBER:
REQUIRES:
RUN-TIME:
LOAD-TIME:
UNLOAD-TIME:
OPERATES-ON:
HAS-NEXT-OPERATION:
NEXT-OPERATION-OF: } }

Figure 4-10: Representation of an operation

4.3 States

A state is the collection of conditions under which an activity can be performed, or the
collection of new conditions produced by the activity. An activity is connected to its
precondition and postcondition states by causal relations. The primitive pair of inverse relations
enabl:s and enabled-by, shown in figure 4-11, specify the connection between an activity and its
enabling state.
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{ {enabled-by
IS-A: causal-relation
INVERSE: enable
DOMAIN: (type is-a activity)
RANGE: (type is-a state)
TRANSITIVITY: (step enabled-by t) }}

{ {enable
IS-A: causal-relation
INVERSE: enabled-by
DOMAIN: (type is-a state)
RANGE: (type is-a activity)
TRANSITIVITY: (step enable t) }}

Figure 4-11: Relations defining enablement of activities

In a similar fashion, the pair of inverse primitive relations, depicted in figure 4-12, cause and
caused-by defines the connection between an activity and its resulting set of conditions.

{{cause
I1S-A: causal-relation
INVERSE: caused-by
DOMAIN: (type is-a activity)
RANGE: (type is-a state)
TRANSITIVITY: (step cause t) }}

{ { caused-by
IS-A: causal-relation
INVERSE: cause
DOMAIN: (type is-a state)
RANGE: (type is-a activity)
TRANSITIVITY: (step caused-by t) }}

Figure 4-12: Relations defining activity postconditions

The abstraction of state information is performed using the same operators (conjunction and
disjunction) as for activity information, resulting in aggregate states that are related to their
component states via the has-sub-state relation. In turn, the component states are related back to
the aggregate state via the sub-state-of relation. An aggregate state that is a disjunct is true if any
of its sub-states is true. An aggregate state that is a conjunct should have all its sub-states true in
order to be true. Figure 4-13 shows the representation of the relations that define state
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aggregation.

{ {substate-of
IS-A: relation
INVERSE: has-substate
DOMAIN: (type is-a state)
RANGE: (type i1s-a aggregate-state)
TRANSITIVITY: (step substate-of t) }}

{{ has-substate
IS-A: relation
INVERSE: substate-of
DOMAIN: (type is-a aggregate-state)
RANGE: (type is-a state)
TRANSITIVITY: (step has-substate 1)} }

Fig.  +13: Relations defining state aggregation

States, as well as activities, persist for particular time intervals. The relation has-time-interval,
shown in figure 4-14, is associated with each state and activity in a scheduling system. For a
detailed representation of temporal relations, see section 6.2.

{ { has-time-interval
IS-A: relation
DOMAIN: (or (type is-a activity) (type is-a state)) } }

Figure 4-14: Representation of the has-time-interval relation

The following figures, figure 4-15 and 4-16, represent a prototype state and aggregate-siate.
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{ {state
IS-A: concept
HAS-TIME-INTERVAL.:
ENABLE:
CAUSED-BY:
ELABORATION-OF:
HAS-ELABORATION:
SUBSTATE-OF:
SCHEDULING-STATUS: }}

Figure 4-15: Representation of a state

{{aggregate-state
IS-A: state
HAS-SUBSTATE: }}

Figure 4-16: Representation of an aggregate state

4.4 Resources

In this section, we present the hierarchical representation of resources to enable reasoning at
different levels of precision in allocating a resource. In the centralized system, we do not
consider functional resource groupings corresponding to work areas (resource groupings that
support particular production processes and/or process steps), cells (groupings of identical
machine types where tradeoffs based on particular machine characteristics can be factored into
allocation decisions) and individual machines. The aggregate resource abstractions (e.g, work
area and cell) will be considered as different agents in the distributed scheduling system.
Considering different aggregate resources as agents necessitates the definition of relations of
ownership of resources that are part of the aggregation, and relations has-resource and
is-resource-of to define the mutually exclusive groupings of resources belonging to an aggregate
resource.

Viewing resources at various aggregate levels impacts the level of granularity of capacity
definitions. In general, the capacity of a resource is the number of items that the resource can
process simultaneously. The term “item" is a general term and can refer to different units on
which the resource is operating. For example, a machine operator has capacity 1 and (usually)
operates one machine; a milling machine can be configured to cut 3 identical parts at the same
time (capacity 3).

We differentiate resources into groupings of various types. The two basic groupings that we
distinguish are stationary and mobile resources. Stationary resources are the ones that have a
fixed location. In a manufacturing organization, examples of stationary resources are machines
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and workstations. Examples of mobile resources are human operators and fixtures that can be
loaded on different machines. The current location attribute holds location information for
movable resources. In some situations, a stationary resource can have moving parts. For
example, a milling machine can have a moving head that can take more than one position.
Hence, in the representation of such a resource, the current position of the machine head has to
be noted. Associated with fixtures are load and unload operations that require the fixture and the
position on which it is to be loaded as resources. The status of a resource indicates whether it is
available or not.

The next three figures, figure 4-17, 4-18 and 4-19, represent an abstract resource, and its
specializations of a milling machine (a stationary resource) and a fixture (a mobile resource).

{{resource
ISA-A: physical-object
HAS-RESOURCES:
RESOURCE-OF:
CAPACITY:
OWNED-BY: }}

Figure 4-17: The representation of a resource

{ {milling-machine
IS-A: resource
HAS-WORK-BED: milling-bed
CURRENT-POSITION:
range: (TYPE instance bed-position)
STATUS: }}

Figure 4-18: The representation of a milling machine

{{fixture
IS-A: resource
FIXTURE-NUMBER:
CURRENT-LOCATION:
STATUS: }}

Figure 4-19: The representation of a fixture
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4.5 Production Units
Production units are the entities which are transformed by operations during the manufacturing

process. In this work, we are interested in modeling production units from the standpoint of
scheduling. This perspective, obviously constrains representational completeness, since
modeling considerations such as those related to design, process planning and marketing are not
included. The central concept in modeling production units is the part. The manufacture of a
part enters the manufacturing system through a work-order, the representation of which is
shown in figure 4-20, that specifies the QUANTITY of the part ordered, the DUE-DATE of the
order, the SERIAL-NUMBER and the order’s PRIORITY.

{ {work-order
IS-A: concept
SERIAL-NUMBER:
FOR-PART:
QUANTITY:
PRIORITY:
DUE-DATE: }}

Figure 4-20: Representation of a work-order

One central characteristic of a part is the production process through which it is manufactured.
An abstracted representation of the process is the process-plan that has been discussed in section
2. Production plans are usually prototypical in that at the time of their construction they have no
information (neither can they anticipate) factory floor configurations and scheduling constraints.
29The scheduler instantiates the prototypical process plan for filling a work order to reflect the
realities of the factory floor at scheduling time. Another characteristic of a part is the required
material that is used to produce the part. This is related to inventory concerns of availability of
material. Currently, we assume that the required material is present when needed for the
production of the part. Figure 4-21 shows the representation of a part.

{{part
IS-A: physical-object
WORK-ORDER:
PROCESS-PLAN:
PRODUCTION-QUANTITY:
PART-ID: }}

Figure 4-21: Representation of a part

‘29ln this year's effort on the project, we have started 10 address the issucs in the interactions of a process planner
with a scheduler in order to produce process plans that optimize scheduling concemns.,
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4.6 Constraints
In general, there are five types of constraints that a scheduler should take into consideration.

e Physical constraints. Physical constraints include, number of machines, fixtures,
setup and run times for each operation.

e Organizational constraints. Examples of organizational constraints include meeting
due dates, reducing Work in Process, increase machine utilization, and enhance
throughput.

e Preferential constraints. Examples of preferential constraints include preference for
using a particular machine for an operation (perhaps because of its speed or
accurazy), or using a particular human operator (perhaps because of his skill).

¢ Enablement constraints. These refer to constraints, the fulfillment of which creates a
state that enables the execution of an activity. For example, a process plan embodies
enablement constriints.

e Availability constraints. ..ese ~onstraints refer to the availability of particular
resources a* scheduling time. .-or example, a machine may become unavailable
because of brea:down, the assignment of a third shift makes extra resources
available for scheduling.

4.6.1 Representing Constraints

The constraints found in scheduling mainly restrict (a) the choice of value(s) for some variable
(e.g., the due date of an order) or (b) the relation between two or more variables (e.g., the next
operation to be performed). We differentiate two types of variables: simple variables and
aggregate variables. Simple variables are represented as slots in a CRL schema [KC 86];
aggregate variables are CRL schemata. For example, a time interval during which an activity can
be potentially scheduled, is an aggregate variable whose slots include the simple variables
start-time of the activity, end-time of the activity, and activity duration. In the case of a simple
variable, constraint-related knowledge is stored in a meta-slot. In the case of an aggregate
variable, it is stored in a meta-schema. In the formalization of the scheduling problem (see
chapter 2 of this document), the variables of interest are the activity start times, the resources
required by each activity, and the duration of each activity.

The pair of primitive relations constrains/constrained-by, shown in figure 4-22, links a simple
variable with the constraints that affect its values.
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{ { constrains
IS-A: relation
INVERSE: constrained-by
DOMAIN: (type is-a constraint)
RANGE: (type is-a simple-variable) }}

{ {constrained-by
IS-A: relation
INVERSE CONSTRAINS:
DOMAIN: (type is-a simple-variable)
RANGE: (type is-a constraint) }}

Figure 4-22: Relatinns associating a single constraint to a variable

The pair of primitive relations simple-variable-affectsiaffected-by-simple-variuble, shown in
figure 4-23 links a simple variable to the aggregate variable it affects.

{ {affected-by-simple-var
IS-A: relation
INVERSE SIMPLE-VAR-AFFECTS:
DOMAIN: (type is-a aggregate-variable)
RANGE: (type is-a simple-variable) }}

{ {simple-var-affects
IS-A: relation
INVERSE AFFECTED-BY-SIMPLE-VAR:
RANGE: (type is-a aggregate-variable)
DOMAIN: (type is-a simple-variable) })

Figure 4-23: Relations linking simple and aggregate variables

Figure 4-24 depicts a meta-slot prototype for simple variables.
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{{variable
IS-A: concept }}

{ {simple-variable
IS-A: variable
CONSTRAINED-BY:
SIMPLE-VAR-AFFECTS:
UTILITY-VALUE:
IMPORTANCE:
OF-SCHEMA:
OF-SLOT: }}

Figure 4-24: Representation of a simple variable

The slot of-schema indicates the schema with the slot to which the meta-slot is attached. The
slot of-slot indicates the slot in the schema to which the meta-slot is attached.

We have seen the representation of the constraining relations between simple and aggregate
variables. In turn, aggregate variables can affect the values of higher level aggregate variables to
which they can be linked. This recursive influence is expressed by the pair of primitive relations
affected-by-aggr-varlaggr-variable-affects, shown in figure 4-25.

{{affected-by-aggr-var
IS-A: relation
INVERSE AGGR-VAR-AFFECTS:
DOMAIN: (type is-a aggregate-variable)
RANGE: (type is-a aggregate-variable) }}

{{aggr-var-affects
IS-A: relation
INVERSE: affected-by-aggr-var
RANGE: (type is-a aggregate-variable)
DOMAIN: (type is-a aggregate-variable) }}

Figure 4-25: Relations connecting aggregate variables

Figure 4-26 depicts the meta-schema prototype representation of an aggregate variable.
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{ {aggregate-variable
IS-A: variable
AGGR-VAR-AFFECTS:
AFFECTED-BY-AGGR-VAR:
AFFECTED-BY-SIMPLE-VAR:
UTILITY-VALUE:
IMPORTANCE: }}

Figure 4-26: Representation of an aggregate variable

In the model, we treat explicitly two types of constraints, required constraints and preferential
constraints [Fox 83c]. The degree of .atisfaction of a preferential constraint is expressed by a
utility function ranging between 0 and 1. A value of 0 utility is non-admissible; a value of 1 is
optimal. Variables, simple as well as aggregate, can be constrained by more than one constraint.
So, utility values are not only associated with constraints but also with simple and aggregate
variables. The utility value associated with a simple variable (slot) is calculated by taking the
weighted sum (with constraint importance as the weight) of the utilities of all the constraints that
affect the slot’s value. The utility value associated with an aggregate variable (schema) is
calculated by taking the weighted sum of the utilities of all the constraints that affect the
aggregate variable.

Constraints differ in importance. A particular constraint could have different importance
depending on the context in which it is applied. The importance of a constrint is specified by a
value between 0 and 1. An importance of 0 implies that the constraint should not be considered,
and 1 signifies maximum importance. The actual level of importance is relative to the
importance of the other constraints under consideration. The "importance" slot contains the
value of a constraint’s importance. The measure of importance of a constraint may be viewed as
a weight that can be combined with a constraint’s utility value to form a weighted combination
of utilities. Constraints also differ in relevance. Depending on the context, a constraint may be
more relevant than others.

During the construction of a schedule, it may be found that one or more constraints may not be
satisfiable. For example, an operation cannot be scheduled on a resource at a particular time
because the resource is unavailable. The system should look for alternative ways to satisfy the
scheduling goal. The selection of an alternative to a specified constraint is called a constraint
relaxation. Constraint relaxations are specified using the relaxation-spec relation, shown in
figure 4-27. Moreover, relaxation specifications can be either continuous or discrete [Fox 83c],
shown in figures 4-28 and 4-29. A discrete relaxation specifies a number of discrete alternatives
(e.g., different machine alternatives), whereas a continuous one specifies relaxations over a
continuous variable such as time (e.g., due date can be continuously relaxed).

In general, it may not be possible to find a schedule that satisfies all specified constraints. The
scheduler must have a way of choosing the best among possible relaxations. The means by
which a scheduler makes such a decision is a system of utilities. The particular utility associated
with each relaxation fills the utility slot in the specializations of the relaxation-spec schema. A
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constraint may have one of two effects on a schedule: it may determine the admissibility of a
schedule, or it may determine the acceptability of a schedule. Admissibility determines the
legality of a schedule against constraints that cannot be relaxed.

{ {relaxation-specification
IS-A: concept }}

{ {relaxation-spec
1S-A: relation
DOMAIN: (type is-a constraint)
RANGE: (type is-a relaxation-specification) }}

Figure 4-27: Representation of constraint relaxations

{ { continuous-relax-spec
IS-A: relaxation-specification
UTILITY-FUNCTION } }

Figure 4-28: Continuous constraint relaxation

{ {discrete-relax-spec
IS-A: relaxation-specification
UTILITY-FUNCTION: }}

Figure / J: Discrete constraint relaxation

The discrete type of constraint relaxation is further divided into two types, exclusive or
relaxation where only one of the alternatives can be chosen vand inclusive or where more than
one alternative could be chosen. These are shown in figure 4-30.
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{ {exor-relax-spec
IS-A: discrete-relax-spec
UTILITY-FUNCTION: }}

( {inor-relax-spec
IS-A: discrete-relax-spec
UTILITY-FUNCTION: }}

Figure 4-30: Exclusive and inclusive OR relaxations

Constraints are associated with particular appropriate relaxations through the pair of relations
has-relaxation-spec and relaxation-spec-of, shown in figure 4-31.

{ { has-relaxation-spec
IS-A: relation
INVERSE: relaxation-spec-of
DOMAIN: (type is-a constraint)
RANGE: (type is-a relaxation-spec)
TRANSITIVITY: (step has-relaxation-spec t) }}

{ {relaxation-spec-of
IS-A: relation
INVERSE: has-relaxation-spec
DOMAIN: (type is-a relaxation-spec)
RANGE: (type is-a constraint)
TRANSITIVITY: (step relaxation-spect) }}

Figure 4-31: Representation of the relations
has-relaxation-specirelaxation-spec-of

Having assembled the conceptual pieces that define a constraint, we present the constraint
representation in figure 4-32.
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{ {constraint
IS-A: concept
RELAXATION-SPEC:
UTILITY-VALUE:
RELEVANCE:
IMPORTANCE:
CONSTRAINS: }}

Figure 4-32: Representation of a constraint

4.6.2 Representing temporal relations

In our model, the relations among variables that we consider are primarily temporal relations.
In particular, Allen’s 13 temporal relations defined over time intervals [Allen 88] are represented
in figures 4-33 and 4-34. The temporal relations express the precedence relations among
manufacturing activities in the process plan. The constraints associated with the activities are
checked for consistency and propagated over the temporal relations. For a detailed explanation
of this process, see chapter 2 of this report. These relations are:

e before: specifies that an activity or state takes place before another activity or state
iu time. The inverse of before is the after relation.

® meets: specifies that an activity or state takes place before, but without any
intervening time, another activity or state. Its inverse is met-by.

e overlaps: specifies that an activity or state begins before another activity or state in
time, but ends after the second begins and before it ends. Its inverse is
overlapped-by.

e during: specifies that an activity or state takes place during “her activity or state
in time. Its inverse is contains.

e starts: specifies that an activity or state begins at the same time as another activity or
state (the two activities or states do not, however need to end at the same time). Its
inverse is started-by.

e finishes: specifies that an activity or state finishes at the same time as another
activity or state (the two activities, or states do not, however, need to start at the
same time). Its inverse is finished-by.

® equals: specifies that an activity or state share the same time interval with another
activity or state. It is a reflexive relation.
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{ {time-relation
IS-A: relation }}

{{before
IS-A: time-relation
INVERSE: after }}

{{after
IS-A: time-relation
INVERSE: before }}

{ {time-equal
IS-A: time-relation
INVERSE: time-equal }}

{ { meets
IS-A: time-relation
INVERSE: met-by }}

{ {met-by

IS-A: time-relation
INVERSE: meets }}

Figure 4-33: Five of Allen’s Temporal Relations
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{{overlaps
IS-A: time-relation
INVERSE: overlapped-by })

{ {overlapped-by
IS-A: time-relation
INVERSE: overlaps }}

{{during
IS-A: time-relation
INVERSE: contains } }

{{contains
IS-A: time-relatic.
INVERSE: during } }

{{starts
IS-A: time-relation
INVERSE: started-by }}

{{started-by
IS-A: time-relation
INVERSE: starts }}

{ {finishes
IS-A: time-relation
INVERSE: finished-by }}

{ {finished-by

IS-A: time-relation
INVERSE: finishes }}

Figure 4-34: Representation of the rest of Allen’s Temporal Relations

Allen’s temporal relations are the attributes of a conceptual object, the time object, depicted in
figure 4-35.
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{ {time-object
1S-A: conceptual-object
BEFORE:
AFTER:
TIME-EQUAL:
MEETS:
MET-BY:
OVERLAPS:
OVERLAPPED-BY:
DURING:
CONTAINS:
STARTS:
STARTED-BY:
FINISHES:
FINISHED-BY: }}

Figure 4-35: Representation of a time object

Whereas Allen’s temporal relations can be used to express the occurrence of events that are
relative to one another in a temporal sense, in scheduling there also arises the need to represent
the occurrence of events in an absolute temporal sense. For example, the fact that operationl has
to precede operation2 can be expressed by "operationl before operation2"”. On the other hand,
the reservation of resourcel (required by operationl) for the time interval [tl, t2] is the
expression of en event in an absolute temporal sense. Since, in scheduling, one is interested in
the persistence of facts over time, we have chosen the time interval as the basic time primitive
object. Characteristics of specific time points delineating a specific time interval (e.g., start and
end times of an operation) are defined by associating each interval with a specific rime-line. This
association is made through the pair of inverse primitive relations dates and dated-by, shown in
figure 4-36.
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{ {dated-by
IS-A: time-relation
INVERSE: dates
DOMAIN:
(or (type is-a time-point) (type is-a time-interval))
RANGE: (type is-a time-line) } }

{ {dates
IS-A: time-relation
INVERSE: dated-by
RANGE:
(or (type is-a time-point) (type is-a time-interval))
DOMAIN: (type is-a time-line) }}

Figure 4-36: The relations dates and dated-by

The representation of a time-line, depicted in figure 4-37, makes provisions for units of time, a
scale and functions to manipulate time. The slot point-form describes how a particular time unit
is represented. For example, if we want to represent weekly time lines, time is represented as a
pair of (year, week). The range of values for "year" are positive numbers, whereas the values for
"week" range from 0 to 52. The start-point and end-point attributes indicate respectively the start
and end point of the time-line. The attribute granularity provides an indication of the precision
of the time line. Add and subtract store procedures for adding and subtracting time periods from
each other.

{{time-line
IS-A: time-object
POINT-FORM:
START-POINT:
END-POINT:
GRANULARITY:
ADD:
SUBTRACT: }}

Figure 4-37: Representation of a time line

In the definition of time-interval, shown in figure 4-38, attributes of importance are the various
probability distributions that are propagated over the temporal relations among the activities so
as to (a) account for the interactions induced by the problem constraints (intra-order, and inter-
order interactions), and (b) to identify critical activities and promising resource reservations for
these activities. For a detailed description of this process, refer to chapter 2.
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{ {time-interval
IS-A: time-object
TIME-INTERVAL-OF:
START-TIME:
END-TIME:
DURATION:
APRIORI-S-T-DISTRIB:
NORMALIZED-APRIORI-S-T-D:
APRIORI-EARLIEST-START-TIME:
APRIORI-LATEST-START-TIME:
POSTERIOR-S-T-DISTRIB:
NORMALIZED-POSTERIOR-S-T-D:
DATED-BY: }}

Figure 4-38: Representation of a time interval

Since in this chapter, our concern is representation, we present the definition of the attributes
that express probabilities. The apriori-s-t-distrib denotes the a priori probability that an activity
A, will be scheduled to start at time t, the normalized-apriori-s-t-d, is the normalized a priori
start time distribution. Apriori-earliest-start-time and apriori-latest-start-time correspondingly
refer to the a priori probability distributions that the earliest (latest) start time of activity A, will
be scheduled at time ¢. The posterior-s-t-distrib is the a posteriori probability that A, will start at
time ¢, i.e. after accounting for activity precedence constraints. Finally, the attribute
normalized-posterior-s-t-d denotes the same probability distribution after it has been normalized
to express that A, will start exactly once.
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